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An example w/ torsion homology .

#
Y,

ca
,
o) (8) Po g op

÷:÷÷÷:iHf..↳
= 24 , p←•p

ray , =p-p = 0=2142 .

Y
,

Klein bottle
.

A- matters (non -oriented le )
-

X2 = X O .

• A
'

o *?
'

Aksu

Hock,21,7=212
H
, CK, 267=215

Halk , 247=212 .

• A - 2/3 24 , =
-Y , mods ⇒2eul .

→ Hzlkihsto
,

H
, 492137=25
Hock, 21,1 -- Hs .



A
.

o→ x 22 x → o

Hack,#
I
'

Ii k.zt-4.is/zx.=o >
I

torsionH
, 14,2/1=21 -

homology
.

A -- Ig : 3.2=0 nod 6

-

Torsion subgroup of G=TG=fgtG/nng
Heck, 267=212

-

- 23W)

l ::c:*::*:*:*:#' """
• H.lk

,
247 I H.lk , 27 mod n

• train homology does not require non - one#able



RPI Space of lines through
Je R
" '

.

= Sie R
"

'%⇒, @ RIP -soo) )
II R' lol

'

pick a gauge A )
where IT 1=1 .

= Skin -o )

÷±%÷÷.
hemisphere -

213hL --
S
"

= RIP
" - i

r
'
-

-Tr
'

iterationp :

o
,

"

? or
.
.
. . .no :L. .- o .

Or
,
= r

,
+ To , = 20,

or,
= R - try

,

= o
.
- or = o .



I 0 2

o → A→ A → A → A A-so
3 2 I 0

A .

RPI
.

Hi x) - co, > = x

Iii!!
Hi CRR",217=121

i - o

2/2 c
' odd C n

21 i = n n odd

( o else
Hh( kph ,2) = o n even

⇒ Rp
"
hem . 's

non - orientable

g-

'

Macaulay 2 had OPI
- Yaffa

p ,
#pi

Y,



EPI { complex lines though 5 c-¢
"" }

= { I thanx) te e - fol

choose gauge m III
= I .

= ICE nah
,
HI -- I I

consider the subspace y zNt
'
to

choose ) to make 2-
NY 's o

{ E -

- Cui
,
Fini ) MT 's I

- f- Ban
p T NITTI

Nxivectn N vector

2132in =¢¥
"
- o ⇒ twirl } -- S

'

> )

Wv )w

= ER
""

,

cells '- To v Oz v Oy
-

.
. . Voir

2=0 .

Hnl
"

,
Al -- { A * ever

0 n cold .



¥:÷÷÷÷÷÷¥÷÷÷:*:÷÷.
Euler Poincare Then : Ip I # of p- cells ing
- a

Xcs) =p€GTIp = Efh%p
~--

Pao

dviIm2dE=° br
-
- dina Hpd,A )

Pt: Id

Chet. '÷% )

-1 diukrfd.z-dimImdpd.se#
dim Hp -

- drinker 2p - din Im2p+ ,
- DE



1.1 Higgling & changing A f exact sequences

T
.
C

. m ALA, oAz nontrivial subgroup.

ef : A# pg Az -- Xp .

- Cgl >
=L g IgM#

SH = -LIKE f€# on

- Ee-

proliferates change in Az but not in Ayaz

in the example ,
we're left m Tc m A -- 21g .

-

• → An A, AYA
,

→ o

is an exact sequence c''short exact seg .
" )

=

I Iwilprer) = kerlnmeaxpt) ie no homologs
.

map =



Oh c
' O O O O

⑥ as : : : : :3 Ai
Op B

Az t 't
= fiber o o o. o o

A iffy = base

short exact seq. of chain maps→

-0
- ↳ f.Azl in. EA , ) r.H.tl/Afso

( (i ? ] = 0=29,8 ) ⇒ in one chain maps)

fact : Gin such a short exact deg . gchaineps

A long exact Seg . in homology
i* If

Hp (Az ) → Hp (A1 ) → HpCA , A.)

÷
⇒ ftp..CAT -s ftp..CA/-sHp.,lAYA.)
←

. . .

""T
' '

connecting h.m.nwreh.sn
"

{ ( or " Bocksteiu
"

.

)



• → A
.

is B
. C. → o Chang's.

i.e .

b → Nb)-- cc
d

' "

i t
"

it t
"

'

Rows
o → Ap → Bp ⇒ Ep too ①

are

to Id 'd ② 1¥12 exam
.

i
p @ everyone

0 → AAP-i t Bp , ⇒7 Cp-i→ °
commutes

a→ ica) -- ab → Table

to * a t '
° → Aps → Bp, → Cpr -30

129 T Aida
t t

goal :
sun

..
Y ' " ¥7÷:*2b E Ker (at = InCi )

= ia y sa
= o

⇒ (a) I 2*67 .

2*94=1 i
"
2 it
"

c )
.



To show

H.pf.cl#sHplAisHplMEitHpK1s?!
# - GE

is exact . T t -7

to see exaclnes at H . (c) :

suppose 2*6) = o for a c- Cp .

c at Cb) be Bp

Jb -
- ia

,
Ca ) -- Z Cc) . = o .

2b -- ia=i2a=¥a
⇒ ia ' I

→ 2lb - i'a' 1=0. b → Nb)--e
d

' "

i t
"

it t
"

'

ITI b - i a'7=8 → a.Ap → Bp # Ep ⇒ ⑥

*Chian .
Ha ④ Id 'd @ 1¥12
✓ i

t
- o → Ape, 7 Bp , ⇒2 Cp-,→ O

da ' -- a→ ica) -- ab → Took@

to * a t '
° → Aps → Bp, → Cpr -30

Ira T t
Aida
,



Chechen : H
.

C K, 24,3, ) sahsfy the

long - exact rep .

from

o →I
, 265/215-24*0.

Universal Coeff Thur :

%¥p is A -21×21 . . .xXx2p,x2p
.

HCA,27 detains HCA .
A ) VA

.

Fan exact leg :

•→ HpcXix) A → Huff,A7*Torftp..HR#,A)-so
T - t- up
know want know

Tor ( B,A ) r term
?

isms of A f B .



i -tie :

-
Ho - - Egypt! = I .

→ 6g non-details
2- for- tic code :

#

-

th
-
-
-

Ege" HI,,Zw
the

.

=
- Zw,Zwt - Zw

, Zwz the .

= I

2-
w
,

-
- Zug Z! = 7 .

-

→ 2 groundsheets

✓



ET
"

P '

" e:{isn.
= IT Xe

' '

= eifea
"

Lfc vector

bundle

Wc / it) = - la ) I fumble
where the fiberPAIN
is avectorpace

6=21 .

) ¥spa
if G-. Val . We 14 ) -- e

"
I ¢)

if G W.pl 7 = TEI I 7

rep ofG


