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1. Non-Abelian currents.

In the previous two homeworks, we studied a complex scalar field. Now, we make

a big leap to two complex scalar fields, Φα=1,2, with

S[Φα] =

∫
ddxdt

(
1

2
∂µΦ?

α∂
µΦα − V (Φ?

αΦα)

)
Consider the objects

Qi ≡
∫
ddxi

(
Π†ασ

i
αβΦ†β

)
+ h.c.

where σi=1,2,3 are the three Pauli matrices.

(a) What symmetries do these charges generate (i.e. how do the fields trans-

form)? Show that they are symmetries of S.

(b) If you want to, show that [Qi, H] = 0, where H is the Hamiltonian.

(c) Evaluate [Qi, Qj]. Hence, non-Abelian.

(d) To complete the circle, find the the Noether currents J iµ associated to the

symmetry transformations you found in part 1a.

(e) Generalize to the case of N scalar fields.

2. Recovering non-relativistic quantum mechanics.

Consider a complex scalar field, in the non-relativistic limit,

Φ =
√

2me−imtΨ, |Ψ̇| � mΨ.

Recall that in this limit, the antiparticles disappear and the mode expansion is

Ψ(x) =

∫
d̄dp e−i~p·~xap, Ψ†(x) =

∫
d̄dp ei~p·~xa†p .

(a) Show that

P̂i ≡
∫

d̄dppia
†
pap

is the generator of translations and commutes with the Hamiltonian.
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(b) Let

X̂ i ≡
∫
ddxΨ†(x)xiΨ(x).

A state of one particle at location ~x is

|x〉 = Ψ†(x) |0〉 .

Show that

X̂ i |x〉 = xi |x〉 .

(c) Consider the general one-particle state

|ψ〉 =

∫
ddx ψ(x)Ψ†(x) |0〉 =

∫
dxx ψ(x) |x〉 .

Show that

X̂ i |ψ〉 =

∫
ddxxiψ(x) |x〉

and (a little more involved)

P̂ i |ψ〉 =

∫
ddx

(
−i ∂
∂xi

ψ(x)

)
|x〉 ,

which is the usual action of these operators on single-particle wavefunctions

ψ(x).
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