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0.1 Introductory remarks

Quantum field theory (QFT) is the quantum mechanics of extensive degrees of freedom.
What I mean by this is that at each point of space, there’s some stuff that can wiggle.

It’s not surprising that QFT is so useful, since this situation happens all over the
place. Some examples of ‘stuff’ are: the atoms in a solid, or the electrons in those
atoms, or the spins of those electrons. A less obvious, but more visible, example is the
electromagnetic field, even in vacuum. More examples are provided by other excitations
of the vacuum, and it will be our job here to understand those very electrons and atoms
that make up a solid in these terms. The vacuum has other less-long-lasting excitations
which are described by the Standard Model of particle physics.

Some examples of QFT are Lorentz invariant (‘relativistic’). That’s a nice simplifi-
cation when it happens. Indeed this seems to happen in particle physics. We're going
to focus on this case for most of this quarter. Still I would like to emphasize: though
some of the most successful applications of QFT are in the domain of high energy
particle physics, this is not a class on that subject, and I will look for opportunities to
emphasize the universality of the subject.

A consequence of relativity is that the number of particles isn’t fixed. That is: there
are processes where the number of particles changes in time. This is a crucial point
of departure for QFT, worth emphasizing, so let me stop and emphasize it. (Later on
we’ll understand in what sense it’s a necessary consequence of Lorentz symmetry. The
converse is false: particle production can happen even without relativity.)

Single-particle QM. In classes with the title ‘Quantum Mechanics’, we generally
study quantum systems where the Hilbert space H; holds states of a single particle (or
sometimes a fixed small number of them).

The observables of such a system are represented by hermitian operators acting on
‘H,. For example, the particle has a position X and a momentum p each of which is a
d-vector of operators (for a particle in d space dimensions). The particle could be an
electron (in which case it also has an inherent two-valuedness called spin) or a photon
(in which case it also has an inherent two-valuedness called polarization).

Time evolution is generated by a Hamiltonian H which is made from the position
and momentum (and whatever internal degrees of freedom it has), iho; [¢v) = H|v).
Finally, the fourth (most ersatz) axiom regards measurement: when measuring an
observable A in a state ) € H, we should decompose the state the eigenbasis A |a) =
ala), [y =3, (aly) |a); the probability to get the answer a is | (a|y)) |?.



By the way: The components of the state vector in the position basis (Z|i) = ¢(¥)
is a function of space, the wavefunction. This looks like a field. It is not what we mean
by a field in QFT. Meaningless phrases like ‘second quantization’ may conspire to try
to confuse you about this.

Now suppose you want to describe quantumly the emission of a photon from an
excited electron in an atom. Surely this is something for which we need QM. How do
you do it?

In the first section of this course we’ll follow an organic route to discovering an
answer to this question. This will have the advantage of making it manifest that the
four axioms of QM just reviewed are still true in QFT. It will de-emphasize the role of
Lorentz symmetry; in fact it will explicitly break it. It will emerge on its own!

‘Divergences’. Another intrinsic and famous feature of QFT discernible from the
definition I gave above is its flirtation with infinity. I said that there is ‘stuff at each
point of space’; how much stuff is that? Well, there are two senses in which ‘the number
of points of space’ is infinite: space can go on forever (the infrared (IR)), and, in the
continuum, in between any two points of space are more points (the ultraviolet (UV)).
The former may be familiar from statistical mechanics, where it is associated with the
thermodynamic limit, which is where interesting things happen. For our own safety,
we’ll begin our discussion in a padded room, protected on both sides from the terrors
of the infinite.

Sources and acknowledgement. The material in these notes is collected from
many places, among which I should mention in particular the following:

Peskin and Schroeder, An introduction to quantum field theory (Wiley)
Zee, Quantum Field Theory (Princeton, 2d Edition)

Le Bellac, Quantum Physics (Cambridge)

Schwartz, Quantum field theory and the standard model (Cambridge)
David Tong’s lecture notes

Many other bits of wisdom come from the Berkeley QFT course of Prof. Lawrence
Hall.


http://www.damtp.cam.ac.uk/user/tong/qft.html

0.2 Conventions

Following most QFT books, I am going to use the + — —— signature convention for
the Minkowski metric. I am used to the other convention, where time is the weird one,
so I'll need your help checking my signs. More explicitly, denoting a small spacetime
displacement as dz* = (dt, dZ)*, the Lorentz-invariant distance is:

+1 0 0 O

—1
d52 — +dt2 _ dif . df — nuydwudﬁcu Wlth Tlﬂy = nl“’ = 8 0 _01 8
0 0 0 -1

nv

— 1
(spacelike is negative). We will also write 0, = a:% = (@, Vgc) , and o" = "9, T'll
use u, v... for Lorentz indices, and 1, k, ... for spatial indices.

The convention that repeated indices are summed is always in effect unless otherwise
indicated.

A consequence of the fact that english and math are written from left to right is
that time goes to the left.

A useful generalization of the shorthand A = % is

dk = o
[ will also write ;zfd(q) = (27)%0@(q). T will try to be consistent about writing Fourier
transforms as
A% ez Al ek F(1) =
[ G = [tk e i = @)
IFF = if and only if.
RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.
IBP = integration by parts. WLOG = without loss of generality.
+O(z™) = plus terms which go like 2™ (and higher powers) when x is small.
+h.c. = plus hermitian conjugate.

We work in units where i and the speed of light, ¢, are equal to one unless otherwise
noted. When I say ‘Peskin’ I mean ‘Peskin & Schroeder’.

Please tell me if you find typos or errors or violations of the rules above.




1 From particles to fields to particles again

Here is a way to discover QFT starting with some prosaic ingredients. Besides the
advantages mentioned above, it will allows us to check that we are on the right track
with simple experiments.

1.1 Quantum sound: Phonons

Let’s think about a crystalline solid. The specific heat of solids (how much do you have
to heat it up to change its internal energy by a given amount) was a mystery before
QM. The first decent (QM) model was due to Einstein, where he supposed that each
atom is a (independent) quantum harmonic oscillator with frequency w. This correctly
predicts that the specific heat decreases as the temperature is lowered, but is very
crude. Obviously the atoms interact: that’s why they make a nice crystal pattern,
and that’s why there are sound waves, as we will see. By treating the elasticity of
the solid quantum mechanically, we are going to discover quantum field theory. One
immediate benefit of this will be a framework for quantum mechanics where particles
can be created and annihilated.

As a more accurate toy model of a one-dimensional crystalline solid, let’s consider
a linear chain of particles of mass m, each connected to its neighbors by springs with
spring constant x. When in equilibrium, the masses form a regular one-dimensional
crystal lattice (equally spaced mass points). Now let ¢, denote the displacement of the
nth mass from its equilibrium position x,, and let p,, be the corresponding momentum.
Assume there are N masses and (for simplicity) impose periodic boundary conditions:
Gn+nN = qn- The equilibrium positions themselves are

r, =na,n=12.N

where a is the lattice spacing. The Hamiltonian for the collection of particles is:
N p? 1
H= bk (Qn — quo1)’ ) + Mgt 1.1
n§1(2m+2%(q q 1))+ q (1.1)

Notice that this system is an ordinary QM system, made of particles. In particular,
the whole story below will take place within the fixed Hilbert space of the positions of
the N particles.

I've included a token anharmonic term Aq* to remind us that we are leaving stuff
out; for example we might worry whether we could use this model to describe melting.
Now set A = 0. (It will be a little while before we turn back on the interactions

7



resulting from nonzero \; bear with me.) This hamiltonian above describes a collection
of coupled harmonic oscillators', with a matrix of spring constants V = ku,qeqp. If
we diagonalize the matrix of spring constants, we will have a description in terms of
decoupled oscillators, called normal modes.

Since our system has (discrete) translation invariance, these modes are labelled by
a wavenumber k”:

1 & -
ikx ikx
E € nQn; Pr = E € np'm
VN — VN —

(Notice that in the previous expressions I didn’t use boldface; that’s because this step is
really just classical physics. Note the awkward (but in field theory, inevitable) fact that

In case you are rusty, or forget the numerical factors like I do, here is a review of the operator
solution of the SHO:

1% 1 9 o hw o 2 1
H:%+§qu :?(P —l—Q):hw(aTa—f—z

with

= — i aT—— —iP).
_\f(Q+ iP), f( P)

Here I've defined these new operators to hide the annoying factors:

mw 1/2 1 \"?
=(— P=
Q ( R ) @ <mﬁw> P

[a,p] = ihl = [a, aT] =1.

The number operator N = a’a satisfies
[N,a] = —a, [N,a']=+a’ .

So a and a' are lowering and raising operators for the number operator. The eigenvalues of the number
operator have to be positive, since

0< Jaln) |? = (nataln) = (n|N[n) = n (njn)

which means that for n = 0 we have a|ln =0) = 0. If it isn’t zero (i.e. if n > 1), a|n) is also an
eigenvector of N with eigenvalue n — 1. It has to stop somewhere! So the eigenstates of N (and hence
ofH:hw(N—ﬁ—%) are
n
0), [1)=al|0), ...|n)=c,(al)"|0)...
where we must choose ¢, to normalize these states. The answer which gives (n|n) = 11is ¢, = \/%

2The inverse transformation is:

1 27 /a 27 /a

—ikz, 1 —ikx
qn = \/— Z ik "Qk;, DPn = \/— Z ik "p (12)

k>0 k>0



we’ll have (field) momentum operators py labelled by a wavenumber aka momentum.)
The nice thing about the fourier kernel is that it diagonalizes the translation operator:

Telka: = 61k(r+a) _ elkaelkx'

Regulators: Because N is finite, k takes discrete values (1 = €*V?); this is a
long-wavelength “IR” property. Because of the lattice structure, k is periodic (only
e*an n € 7, appears): k = k+ 2 /a; this is a short-distance “UV” property. The range
of k can be taken to be

27 (N — 1)
0<k< ——2.
- Na
Because of the periodicity in k, we can equivalently label the set of wavenumbers by*:
2
0<k<™ or —Z<k<l (1.3)
a a a

Summary: Because the system is in a box (periodic), k-space is discrete. Because
the system is on a lattice, k-space is periodic. There are N oscillator modes altogether.

The whole hamiltonian is a bunch of decoupled oscillators, labelled by these funny

where the frequency of the mode labelled k is

k
Wi zQ,/%gin%. (1.5)

Why might we care about this frequency? For one thing, consider the Heisenberg

wave numbers:

equation of motion for the deviation of one spring:
10, = [a,, H] = 2. i0p, = [p,. H
Combining these gives:
Mép = =K (g — Gn-1) — (@0 = Go41)) = =K (200 — Gu—1 — Gns1) -

In terms of the fourier-mode operators:

mqy = —k (2 —2coska) qy,

3This range of independent values of the wavenumber in a lattice model is called the Brillouin
zone. There is some convention for choosing a fundamental domain which prefers the last one but I
haven’t found a reason to care about this.



Plugging in a fourier ansatz in time gy(t) = > e “igp,
turns this into an algebraic equation which says w? = w? = LT
(%’*) sin? % for the allowed modes. We see that (the classical *

version of) this system describes waves: 19

0= (w2 — wZ) Qi kg/a (o.;2 — vfk:Z) Thoo-

vk

L L L L L L
1 2 3 4 5 6

The result for small £ is the fourier transform of the wave equation:
(07 —v202) q(a,t) =0 . (1.6)

v, is the speed of propagation of the waves, in this case the speed of sound. Comparing
to the dispersion relation (1.5), we have found

_%| — g | E
Vs = ok k=0 = @ m

The wave looks something like this:
e @i @ le/\- @ e e K\ S TN T Tie THe T Tie Tetsse
- =

So the story I am telling is a quantization of sound waves. Soon we will quantize
electromagnetic (EM) waves, too.

So far the fact that quantumly [q,, pn] = 10,1l hasn’t really mattered in our
analysis (go back and check — we could have derived the wave equation classically).
For the Fourier modes, this implies the commutator

ak, Pr] = Z Uk U [, Por] = ih]lz U Uprn, = iR0g 1.

n,n’

(In the previous expression I called Uy, = \/Lﬁe”“” the unitary matrix realizing the

discrete Fourier kernel.)
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To make the final step to decouple the modes with k£ and —k, introduce the anni-
hilation and creation operators®

h <a +aT> _1 hmwk<a aT>
2muwy, k ’k’pk_i\/ 2 k k)

[ak, aL,] = 5kk’ 1.

For £k #0: qp=

They satisfy

In terms of these, the hamiltonian is
HOZZhwk aTak—i—l erié
- k 2 2m

— it is a sum of decoupled oscillators, and a free particle describing the center-of-mass.

The discovery of Fock space (aka particle phononemology”). The ground
state satisfies a [0) = 0 for all & (and has eigenvalue zero for the center-of-mass mo-
mentum, py = 0). The first excitation above the ground state

al |0) o< [one phonon with momentum 7ik) (1.7)

has energy hwy. It is called a phonon with momentum /k.° This is what in undergrad
QM we would have called “|k)”; we can make a state with one phonon in a position
eigenstate by taking superpositions:

|one phonon at position x) = Z ¢'** lone phonon with momentum hk) ~ Z ekzal |0) .
k k

The number operator (of the SHO with label k) N, = aLak counts the number of
phonons with momentum k. The ground state is the state with no phonons. We can
also make a state with two phonons:

|k, k') = ajal, |0)

whose energy is F = wy + wyr. Note that all these states have non-negative energy.

So this construction allows us to describe situations where the number of particles
N = )", Ny, can vary! That is, we can now describe dynamical processes in which the

4You might notice that when k& = 0,w, = 0. This last step applies to the modes with wj, # 0,
hence k # 0. The ‘zero-mode’ must be treated specially. It is neglected in many treatments of this
topic but actually as a lot of physics in it. If you are curious see this discussion, page 11.

This little gem is due to Sami Ortoleva.

6T put ‘proportional to’ rather than ‘equal’ in (1.7) because there can be a k-dependent normaliza-
tion factor. We'll see soon that Lorentz symmetry prefers a particular normalization here which we
will adopt.

11
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number of particles changes. Let me emphasize: In QM, we would describe the hilbert
space of two (distinguishable) particles as a tensor product of the hilbert space of each.
How can we act with an operator which enlarges the hilbert space?? We just figured
out how to do it.

We can specify basis states for this Hilbert space

(aL)”"l (ak)% o [0) = [{ Ry My o}

by a collection of occupation numbers ny, eigenvalues of the number operator for each
normal mode (and the center-of-mass momentum py).

Notice that in this description it is manifest that a phonon has no identity. We
only keep track of how many of them there are and what is their momentum. They
cannot be distinguished. Also notice that we can have as many we want in the same
mode — ny can be any non-negative integer. These are an example of bosons.

[End of Lecture 1]

Notice that there are some energies where there aren’t any phonon states. In
particular, the function (1.5) has a maximum. More generally, in a system with discrete
translation invariance, there are bands of allowed energies. In the continuum limit, to
which we devolve soon, this maximum goes off to the sky.

Heat capacity of (insulating) solids: phonons are real. The simplest demon-
stration that phonons are real is the dramatic decrease at low temperatures of the heat
capacity of insulating solids. At high temperatures, the equipartition theorem of clas-
sical thermodynamics correctly predicts that the energy of the solid from the lattice
vibrations should be T" times the number of atoms, so the pacity, Cy = drF should be
independent of 7T'.

Efhu
20

At low temperatures T' < ©p, this is wrong. Op is the tem-

perature scale associated with the frequencies of the lattice *

vibrations (say the maximum of the curve wy above). The
resolution lies in the thermal energy of a quantum harmonic

oscillator for 7' < w, the energy goes to a constant %hw:

So the heat capacity (the slope of this curve) goes to zero as T — 0.

The Mossbauer effect: phonons are real. Here is another dramatic conse-
quence of the quantization of the lattice vibrations of solids, known as the Modssbauer
effect, first described in words. The nuclei of the atoms in a solid have various en-
ergy levels; when hit with a v-ray photon, these nuclei can experience transitions from
the groundstate to some excited energy level. If an excited nucleus somewhere in
the lattice gets hit by a very energetic photon (a «-ray) of some very specific energy

12



E, = AE = FEeitea — Eo, the nucleus can absorb and re-emit that photon. The
resulting sharp resonant absorption lines at £, = AE are indeed observed.

This sounds simple, but here is a mystery about this: Consider a nucleus alone
in space in the excited state, after it gets hit by a photon. The photon carried a
momentum p, = £,/c. Momentum is conserved, and it must be made up by some
recoil of the absorbing nucleus. When it emits a photon again, it needn’t do so in
the same direction. This means that the nucleus remains in motion with momentum
Ap = p; — pp. But if some of its energy AE = Foitea — Eo goes to kinetic energy of
recoil, not all of that energy can go to the final photon, and the emitted photon energy
will be less than E, by Freco = 2—]{}2. This can be as big as EL25% = (522 = (QEJV/[C)Q (in

the case of scattering by angle 7). So instead of a sharp absorption line, it seems that

we should see a broad bump of width % But we do see a sharp line!

The solution of the puzzle is phonons: for a nucleus in a lattice, its recoil means
that the springs are stretched — it must excite a lattice vibration, it must create some
phonons. But there is a nonzero probability for it to create zero phonons. In this case,
the momentum conservation is made up by an acceleration of the whole solid, which is

2
very massive, and therefore does not recoil very much at all (it loses only energy 5 fﬂM)

Fraction of v shsarbed

145

This allows for very sharp resonance lines. In turn, this effect ———— =

has allowed for some very high-precision measurements. The \ ‘,f'/
different widths in these cartoon absorption spectra don’t /
do justice to the relative factor of N. An essentially similar - : \ o

10 05 oo 05 10

Fraction of  shsarbed

effect makes it possible to get precise peaks from scattering W
of X-rays off of a solid (Bragg scattering) — there is a finite

amplitude for the scattering to occur without exciting any
phonons.

This is actually a remarkable thing: although solids seem ordinary to us because
we encounter them frequently, the rigidity of solids is a quantum mechanical emergent
phenomenon. You can elastically scatter photons off of a solid only because the atoms
making up the solid participate in this collective behavior wherein the whole solid acts
like a single quantum object!

Towards scalar field theory. It is worthwhile to put together the final relation
between the ‘position operator’ and the phonon annihilation and creation operators:

=15 —— (" ray+ e Fra) ) + — 1.8
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and the corresponding relation for its canonical conjugate momentum

1 h:u ikx —ikx 1
pn:i\ﬁzk:m(ek”ak—@ ’”aL)WN‘p“‘

The items in red are the ways in which p and ¢ differ; they can all be understood from

the relation p = pug as you will see on the homework. Notice that these expressions
are formally identical to the formulae in a QFT textbook expressing a scalar field in
terms of creation and annihilation operators (such as Peskin eqns. (2.25) and (2.26) ).
The stray factors of u arise because we didn’t ‘canonically normalize’ our fields and
absorb the ms into the field, e.g. defining ¢ = \/mq would get rid of them. The other
difference is because we still have an IR regulator in place.

Path integral reminder in a box. At this point I will use the path-integral
description. Let’s remind ourselves how this works for a particle in one dimension with
H-= % + V(q). The basic statement is the following formula for the propagator

q(t)=q

—i it 1.2
<q| e Ht |q0> = / [dq]e fo dt (2q V(‘])) .
a(0)=qo

Here [dg] = N[5 dg(t;) — the path integral measure is defined by a limiting proce-
dure, and N is a normalization factor that always drops out of physical quantities so
I don’t need to tell you what it is.

Recall that the key step in the derivation of this statement is the evaluation of the
propagator for an infinitesimal time:

. . 2 .
(go] e A |q1) = (go] e P Em e IAV (D o) 4 O(AL?)

An integral expression for this can be obtained by inserting resolutions of the identity

== ([l ol) ([ asla) ol

in between the two exponentials. For a more extensive reminder, please see §2.4 of this
document.

1.2 Scalar field theory

Scalar field theory in one dimension. Notice that if we use the path integral
description, some of these things (in particular the continuum, sound-wave limit) are
more obvious-seeming. The path integral for our collection of oscillators is

7 = /[d(h . ..qu]eiS[q]

14
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with S[q fdt( 2 amag2 —V({q})) = [dtL(q,q). The potential is V({g}) =
>3k (qn+1 ¢n)” . Now let’s try to take the continuum limit a — 0, N — oo (now
N is the number of points in space, not in time like in the last chapter). Basically
the only thing we need is to think of ¢, = ¢(x = na) as defining a smooth function:

n Continuum Limit ¢(x)

[Note that the continuum field is often called ¢(x)

(n-a na (n+l)a

instead of ¢(z) for some reason. At least the letters ¢(x) and ¢(z) look similar.|

We now have
(Qn - C]n—l)2 ~ 0,2 (axQ)2 |:c:na
Now the path integral becomes:
2 [

with Dg now representing an integral over all configurations ¢(¢,x) (defined by this

/dt/da: 3tq ¥ — po? (&Cq)2 —r¢® —ugt — ) = /dt/dxﬁ

where I've introduced some parameters p, vs, 7, u determined from m, k... in some ways

limit) and

that we needn’t worry about. £ is the Lagrangian density whose integral over space is
the Lagrangian L = [ dzL.
The equation of motion is the stationary phase condition,
05
" oq(wt)

In this expression I have written a functional derivative; with our lattice regulator, it is

—p — pv2d2q —rq — 2ug® — ...

simply a(n extremely useful) shorthand notation for the collection of partial derivatives

0 7
Oqn *

7 Functional derivatives will be very useful to us. The definition is

56(x) _ 5

plus the Liebniz properties (linearity, product rule). More prosaically, they are just partial derivatives,
if we define a collection of values of the independent variable {z,} to regard as grid points, and let

on = ¢(zn)
so that (1.9) is just

00, _

6¢m - nm-

If you are not yet comfortable with the machinery of functional derivatives, please work through pages
2-28 through 2-30 of this document now.

15


http://physics.ucsd.edu/~mcgreevy/w15/130C-2015-chapter02.pdf

From the phonon problem, we automatically found r = v = 0, and the equation
of motion is just the wave equation (1.6). This happened because of the symmetry
Gn — qn + €. This is the operation that translates the whole crystal, It guarantees
low-energy phonons near k& = 0 because it means ¢(x) can only appear in S via its
derivatives. (This is a general property of Goldstone modes; more on this later.)

The following will be quite useful for our subsequent discussion of quantum light.
We can construct a hamiltonian from this action by defining a canonical field-momentum
m(z) = gTEq = p0yq and doing the Legendre transformation:

H= Z (Pndn — Ly) = /da: (m(z)g(x) — L) = /d:v (W(x>2 + w2 (0,q(2))* + 7¢* + ug* + ) .

24
(1.10)
Note that I suppress the dependence of all the fields on ¢ just so it doesn’t get ugly,
not because it isn’t there. Also, I emphasize that the position along the chain x here
is just a label on the fields, not a degree of freedom or a quantum operator.

The field q is called a scalar field because it doesn’t have any indices decorating it.
This is to be distinguished from the Maxwell field, which is a vector field, and which
is our next subject. (Note that vibrations of a crystal in three dimensions actually do
involve vector indices! We will omit this complication from our discussion.)

The lattice spacing a and the size of the box Na in the discussion above are playing
very specific roles in reqularizing our 1-dimensional scalar field theory. The lattice
spacing a implies a maximum wavenumber or shortest wavelength and so is called an
“ultraviolet (UV) cutoff”, because the UV is the short-wavelength end of the visible
light spectrum. The size of the box Na implies a maximum wavelength mode which
fits in the box and so is called an “infrared (IR) cutoff”.

If we also take the infinite volume limit, then the sums over k& become integrals. In
this limit we can make the replacement

% D> / adk, L%y ~ 21)6@D (k — k).
k

A check of the normalization factors comes from combining these two rules 1 =

Sy Okw = [d%k(2m) 25D (k — k).

Continuum (free) scalar field theory in d+ 1 dimensions. Notice that these
continuum expressions are easy to generalize to scalar field theory in any number of
dimensions. Let’s do them directly in infinite volume and set u = 1 by rescaling fields.
The action is

S[¢] = / A dt (%q's? - %vs?% Vo — V(¢>)) . (1.11)
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This is what we would have found for the long-wavelength (ka < 1) description of a
d-dimensional lattice of masses on springs, like a mattress. The equation of motion is

0= 9Sle] _ —07p + ViV — V(). (1.12)

0¢()
For the harmonic case V(¢) = 3m?¢? we know what we’re doing, and (1.12) is called

the Klein-Gordon equation,
0= (9,0" +m?) ¢. (1.13)

(Notice that I've set vy = ¢ = 1 here, and this is where we have committed to a choice
of signature convention; take a look at the conventions page §0.2.). In relativistic
notation, the Lagrangian density is just £ = %(Gugb@“qb —m?¢?). This describes free
continuum real massive relativistic scalar quantum field theory. (Match the adjectives
to the associated features of the lagrangian; collect them all!)

oL
¢
instantly promote to a quantum operator by using boldface symbols) is then

H-— / die (”(5)2 4 %v? (Vo Vo) + %m2¢2) |

Note that all these terms are positive. [End of Lecture 2]

The canonical momentum is 7 = = ¢ and the Hamiltonian (which we can

A translation invariant problem is solved by Fourier transforms®: ¢(z) = [ d%k k-7 b,

and m(z) = [d%k e * ¥, this is

H= / d%k (%nkwk + % (vZk* +m?) ¢k¢k)

where k2 = (—ik) - (ik) = k - k. Just as in (1.4), this is merely a sum of decoupled
oscillators, except for the coupling between wavenumbers k and —k. Comparing with
(1.4), we can read off the normal mode frequencies, aka the dispersion relation:

wp = v2k? +m?.
Notice that this is also the condition for a fourier mode e¢*@=t to solve the Klein-
Gordon equation (1.13).

We can decouple the modes with wavenumber k& and —k as above by introducing
the ladder operators

h 1 [hw
=\ 9., ! =21/ —= (a, —a t1— (9.ds5@ (1 _ 1/
O = on <ak + a_k> , T = : 5 (ak a_k> , [ak,ak,] (27r) 5 (k: k ).

8Beware that the mode operators ay defined here differ by powers of 27/L from the finite-volume
objects in the previous discussion. These agree with Peskin’s conventions.
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Their commutator follows from [¢(x),7(y)] = 16 (x — y). In terms of the ladder

operators,
1

The field operators

(%) = 1/ddk; s (ei’;'fak - e‘iE'faL) ) (1.14)

6(7), 7(T)] = ih64T — 7).

I emphasize that this is really the same equation as our starting point for each ball on
springs:
[qm pn’] - lhﬂénn’

The mode expansions (1.14) contain a great deal of information. First notice that
¢ is manifestly hermitian. Next, notice that from ¢(Z) = ¢(Z,0) by itself we can-
not disentangle a; and aL, since only the combination a; + aT_k multiplies eif 7 The
momentum 7t contains the other linear combination. However, if we evolve the field
operator in time using the Heisenberg equation (as you did on the HW), we find

. . ) o o
¢(f, t) = elHt¢(f)e—lHt — /ddk 2_ <€1k~x—1w,;tak + e—lkm—i—lw;taL) _ (1.15)
Wk

Indeed we can check that the relation 7 = ¢ holds.

Notice that the dependence on spacetime is via a sum of terms of the form:

S N
61l<:x fwpt 611<:,Ax |k0:wE

and their complex conjugates. These are precisely all the solutions to the wave equation
(1.13). For each E, there are two solutions, one with positive frequency and one with
negative frequency. You might have worried that solutions with both signs of the
frequency mean that the world might explode or something (like it would if we tried to
replace the Schrodinger equation for the wavefunction with a Klein-Gordon equation).
This danger is evaded in a beautiful way: the coefficient of the positive frequency
solution with wavenumber & is the destruction operator for the mode; the associated
negative frequency term comes with the creation operator for the same mode, as a
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consequence of reality of the field. (Some words about antimatter would be appropriate
here, but it will be clearer later when we talk about an example of particles which are
not their own antiparticles.)

Finally, in a relativistic system, anything we can say about time should also be
true of space, up to some signs. So the fact that we were able to generate the time
dependence by conjugation with the unitary operator e (as in (1.15)) says that we
should be able to generate the space dependence by conjugating by a unitary operator
of the form e~iP%, Here P is the last in a long list of object with a claim to the name
‘momentum’. It is the conserved charge associated with spatial translation symmetry,
the generator of spatial translations. Its form in terms of the fields will be revealed
below when we speak about Noether’s theorem. For now, let me emphasize that is
distinct from the objects p,,7(x) (which were ‘momenta’ in the sense of canonical
momenta of various excitations) and also from the wavenumbers k of various modes,
which (when multiplied by %) are indeed spatial momenta of single particles. (This
statement gives us an expectation for what is the total momentum of a state of a
collection of particles which we will check below in §1.4.) In terms of the momentum

operator, then, we can write
B(a¥) = " p(0)e P

with P, = (H, P),.

1.3 Quantum light: Photons

The quantization of the Maxwell field is logically very similar to the preceding dis-
cussion. There are just a few complications from its several polarizations, and from
the fact that quantum mechanics means that the vector potential is real and necessary
(whereas classically it is just a convenience). This is a quick-and-dirty version of the
story. I mention it here to emphasize that the machinery we are developing applies to
a system you have already thought a lot about!

Maxwell’s equations are:
V-B=0, VxE=-0,B, (1.16)

— — — — 4 —
V.E=drp, VxB=0F+ ] (1.17)
&

The first two equations (1.16) are constraints on E and B which mean that their com-
ponents are not independent. This is annoying for trying to treat them quantumly. To
get around this we introduce potentials which determine the fields by taking derivatives
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and which automatically solve the constraints (1.16):
E=-V&-9A B=VxA
Potentials related by a gauge transformation
A ADA=A-V)N ®—d =0d+09,)\

for any function A(7,t), give the same E , B. The Bohm-Aharonov effect is proof that
(some of the information in) the potential is real and useful, despite this redundancy.
We can partially remove this redundancy be choosing our potentials to satisfy Coulomb
gauge

V-A=0.
In the absence of sources p =0 = ], we can also set ® = 0. In this gauge, Ampere’s
law becomes

AV x (6 X /T) — V- (ﬁ . E) — VA = —(’375214? i.e. GtZ/Y— AVA=0]|
This wave equation is different from our scalar wave equation (1.6) in three ways:

e we're in three spatial dimensions,
e the speed of sound v, has been replaced by the speed of light c,

e the field A is a vector field obeying the constraint V- A = 0. In fourier space
Az) = >k ¢*% A(k) this condition is

0="Fk-Ak)
— the vector field is transverse.

Recall that the energy density of a configuration of Maxwell fields isu = <EQ +B 2) .
So the quantum Hamlitonian is

_ % 3. (572 . 2/2
H—Q/dr<E +cB> . (1.18)

Here E = —,A plays the role of field momentum 7(z) in (1.10), and B = V x A plays
the role of the spatial derivative 0,q. We immediately see that we can quantize this
system just like for the scalar case, with the canonical commutator

[p(2), w(@)] = ihd(z — ')~ [A(7), By(7)] = —ihd° (7 — )4y
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where i, = 1..3 are spatial indices. * So we can immediately write down an expres-
sion for the quantum Maxwell field in terms of independent creation and annihilation

operators:
K=Y\ o 3 (anasiet +al ex(he ™)
= 26()ka3 T k,s k,s S
k s=1,

The field momentum is E = —8th :

the magnetic field is analogous to ﬁ(b in the scalar field theory. Plugging these expres-
sions into the Hamiltonian (1.18), we can write it in terms of these oscillator modes
(which create and annihilate photons). As for the scalar field, the definitions of these
modes were designed to make this simple: It is:

1
H = Z?’wk (a%sa,gvs + 5) .

ks

Notice that the vacuum energy is

1 L3
Erv==N " hw. = dPkhck.
0 2; ‘ <2w>3/ ’

9As a check, note that using this Hamiltonian and the canonical commutator, we can reproduce
Maxwell’s equations using Ehrenfest’s theorem:

(024) =0, () = -1 (im.8) = (2924).

10T am short-changing you a little bit here on an explanation of the polarization vectors, €s;. They
conspire to make it so that there are only two independent states for each k and they are transverse
k- é's(l%) =0, so s = 1,2. The bit that I'm leaving out is the completeness relation satisfied by the
polarization vectors of a given k:

Zesi(A)@§j(]%) =05 — /A%]Afg . (1.19)
This says that they span the plane perpendicular to k.
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Notice that in this case we began our story in the continuum, rather than with
microscopic particles connected by springs. (However, if you read Maxwell’s papers
you’ll see that he had in mind a particular UV completion involving gears and cogs. I
actually don’t understand it; if you do please explain it to me.)

The fact that ), is no longer a finite sum might be something to worry about. We
will see below in §1.5 that this vacuum energy has physical consequences.

22



Consolidation of understanding

So far in this chapter, we have studied systems of increasing complexity: the simple
harmonic oscillator, a non-interacting scalar field, and the EM field in vacuum (i.e. in
the absence of charge). All these free field theories have the same structure, in the
following sense.

In the following, Here Re A = % (A + AT) as usual. The normalization constant is

1 1 1
Hspo = %PQ + §mw2q2 = hw (aTa + 5)

lq,p] =ih = |a, aT] = 1.

q=ReNa, p=mlmwNa.

1 ; 1
Hscalar = /dI (QMTT + /flC (a d)) ) ;h&)k (akak + 5)

[p(z), w(2")] = ihd(z — ) = [ak,ak,} 1A .

e <2Nkeikzak> , m(x) = plm (Z wk./\fkeikwak> )
k k

€3 eoc 1

k,s=1,2

[Ai(z), E;(2)] = ihé® (z — 2)0y; = [ags,aly,] = hopp sy
e <ZNkeiE'fakS€5(l;:)> ., E(z) = pIm (Z wkaeiE'faksés(l%)> .
k k

Note that E is the canonical momentum of A since (in Coulomb gauge) E = —8,A.
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1.4 Lagrangian field theory

[Here we fill in the bits of Peskin §2.2 that we missed above.| Let’s consider a classical
field theory in the Lagrangian description. This means that the degrees of freedom
are a set of fields ¢,(x), where r is a discrete index (for maybe spin or polarization
or flavor), and we specify the dynamics by the classical action. If the world is kind
to us (in this class we assume this), the action is an integral over space and time of a
Lagrangian density

Stol = [ d*as(s,0%0)
This important assumption is an implementation of locality.

This central object encodes the field equations, the canonical structure on the phase
space, the Hamiltonian, the symmetries of the theory.

I've sneakily implied that we are going to assume Lorentz invariance, so that £
depends on the 4-vector 0"¢, and not its components separately.

I am also going to assume that the action S is real.

We’ve seen basically two examples so far
1 1
Lrxa = 5 u¢aﬂ¢ - §m2q§2

and (you get to do the Legendre transformation from the Hamiltonian of §1.3 on the

homework)
1 1
-—F, F"=_"_ (E?>-B?
42 K 4e2 ( )

with A, regarded as the independent degrees of freedom.

ACEM =

A word about units: in units with A = ¢ = 1, everything has units of
mass to some power, called its mass dimension. Energy and momen-

tum p, = hk, have mass dimension +1. The space and time coordi- , )
. . . . . object | mass dim.

nates 2/ have mass dimension —1. The action goes in the exponential ]

of the path integral measure [ [Dgzﬁ]e% and so must be dimensionless. P Z )

So the Lagrangian density has mass dimension d+ 1. This means that gfg _O

the KG field has mass dimension d%l (and the mass m has mass di- r Q41
mension 1 (yay!)). In d+1 = 3+ 1 dimensions, £ ~ A, B ~ VA have 5 g1
mass dimension 2 and A has mass dimension one (and e is dimension- A i

m

less). This is nice because then the covariant derivative 0, + A, has
mass dimension one. Notice that £ + B? has dimension 4 which is

good for an energy per unit volume.
[End of Lecture 3]
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The equation of motion is

08

~ 0, (2)
Note the functional derivative. You can check that in the case when £ depends only
on ¢ and J,¢, this is the same as the Lagrange EOM
oL oL

= %6, 5t

(for each r) which I can’t remember.

By redefining the field ¢ = & (x — B/C), we can make the KG theory uglier

1 1
L=A+Bx+ 50)(2 + EDG’*XaMX + ...

From the path integral point of view, the field is just an integration variable. Some-
times, its normalization is meaningful, like in the phonon example where it began its
life as the displacement of the atoms from their equilibrium. So you see that we are
not losing generality except in our neglect of interactions, and in our neglect of terms
with more derivatives. The former neglect we will repair little by little in this course,
by doing perturbation theory. The latter is justified well by the renormalization group
philosophy, which is a subject for Physics 215C, 7.e. the Spring Quarter.

Canonical field momentum and Hamiltonian. The Hamiltonian viewpoint in
field theory has the great virtue of bringing out the physical degrees of freedom. It
has the great shortcoming that it picks out the time coordinate as special and obscures
Lorentz symmetry.

The canonical field momentum is defined to be

oL
= S@()
Notice that this expression assumes a local Lagrangian density. w is actually a ‘field
momentum density’ in the sense that the literal canonical momentum is %@)L =
dzm(x) (as opposed to L£). I will often forget to say ‘density’ here.

The hamiltonian is then

Noether’s theorem and the Noether method. Yay, symmetries. Why do
physicists love symmetries so much? One reason is that they offer possible resting
places along our never-ending chains of ‘why?’ questions. For example, one answer
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(certainly the one given in Weinberg’s text, but just as certainly not the only one) to
the question “Why QFT?” is: quantum mechanics plus Poincaré symmetry.

They are also helpful for solving physical systems: Continuous symmetries are as-
sociated with conserved currents. Suppose the action is invariant under a continuous
transformation of the fields ¢, ¢(x) — ¢'(z). (The invariance of the action is what
makes the transformation a symmetry.) ‘continuous’ here means we can do the trans-
formation just a little bit, so that ¢(z) — ¢(x) + eA¢(x) where € is an infinitesimal
parameter. If the transformation with constant e (independent of space and time) is a
symmetry, then the variation of the action with € = e(x,¢) must be proportional to 0,e
(at least assuming some smoothness properties of the action), and so that it vanishes
V¢ when € is constant:

Slp + e(z)] — S[op] = /ddxdtﬁue(x)j“ Zr —/ddxdte(x)auj“ :

But if the equations of motion are obeyed, then the action is invariant under any
variation, including this one, for arbitrary e(z). But this means that 0,j* = 0, the
current is conserved. These words are an accurate description of the equation because

Qn= [ dia
R

in some region of space R can only change by leaving the region (assume the definition

they mean that the charge

of R is independent of time):

atQR:/dd:c atjoz—/dd:cﬁj:/ dan - g
R R OR

where in the last step we used Stokes’ theorem.

This trick with pretending the parameter depends on space is called the Noether
method. More prosaically, the condition that the action is invariant means that the
Lagrangian density changes by a total derivative (we assume boundary terms in the
action can be ignored):

£<¢/’ a,u¢l) SYmgetry £<¢7 au¢) + 6(9,“7“

but on the other hand, by Taylor expansion,

calculus oL oL

£<¢/’ aﬂ(b/) 1:1 £(¢, 3M¢) + € (8_¢A¢ -+ WauA¢)
W
IBP oL oL

' L(¢,0,0) + e A+ €d, (a—ﬁm) .

3~ %900, 5(0,0)

J/

eom
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By combining the previous two equations for £(¢’), we see that on configurations which
satisfy the EOM, 0 = d,7* with
oL
M= Ae = TN 1.20
9(0,0) 20
Notice that I stuck the index back in at the last step.

There is a converse to the Noether theorem, which is easier to discuss directly in
quantum mechanics. Given a conserved charge (), that is, a hermitian operator with
[H,Q] =0, we can make a symmetry transformation of the fields ¢ by

o = i€Q, ¢). (1.21)

We'll say that Q) generates the symmetry, for the following reason. (1.21) is the in-
finitesimal version of the finite transformation

& — ¢ = Qe iQ,

The object U = €!? is a unitary operator (since @ is hermitian) which represents the

action of the symmetry on the Hilbert space of the QFT. It is a symmetry in the sense

that its action commutes with the time evolution operator ef*.

Some examples will be useful:

e For example, suppose S[¢| only depends on ¢ through its derivatives, for example,
Slg] = [ %8M¢8“¢. Then there is a shift symmetry ¢ — ¢’ = ¢ + €. Letting €
depend on spacetime, the variation of the action is S[¢+e(x)] = [ €8,0"¢, so the
current is j, = d,¢. Let’s check the converse: Indeed, the charge ) = fS pace JO
generates the symmetry in the sense that for small €, the variation in the field is

60 =¢' — ¢ =€ =ic[Q, ]

(if we were doing classical mechanics, we should replace i[Q, ¢] with the Poisson
bracket). Using our expression for the current this is

5 = ie[/ddy§£%,¢(x)] =

which is indeed true. In this case the finite transformation is again ¢ — ¢ + .

e On the homework you're studying a complex scalar ®, with S[®, ®*] is invariant
under ® — €@ = ® + ie® + O(e?). This U(1) phase transformation can be
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rewritten in terms of the real and imaginary parts as an SO(2) rotation. You’ll
find that the charge can be written as

Q= /dde /ddp alap — bT )

where the two sets of creation and annihilation operators are associated with
excitations of ® and ®' respectively. (That is, quantize ¢12 as we did for a
single real scalar field, in terms of mode operators a; » respectively. Then let
a = a; +iag, b = a; —iay, up to numerical prefactors which I tried to get right in
the posted solutions.) So the particles created by a and b have opposite charge
(this is essential given the mode expansion ®; ~ ak+bi ) and can be interpreted
as each others’ antiparticles: there can be symmetry-respecting processes where
an a particle and b particle take each other out.

Consider spatial translations, x# — z* — a*. We can think of this as a transfor-
mation of the fields by
v 2
o(z) = dlx+a) = p(x) + a @—%O(a ).
=Au¢

Our transformation parameter is now itself a four-vector, so we’ll get a four-
vector of currents 7. This will be a symmetry as long as the lagrangian doesn’t
depend explicitly on space and time ( so d,£ = 0) but rather depends on space
and time only via the fields (so 0 # -5 L chairile 5 % + 3;@@%)- Let’s use
the prosaic method for this one: the shlft in the Lagrangian densi%y also can be
found by Taylor expansion

£H£+a“%£ L+ a’d, (6"L).

So the formula (1.20) gives

TV =

‘1:

9 (0, ¢)\%

For the time translation, the conserved charge Ty gives back the hamiltonian
density h = m¢p— L obtained by Legendre transformation. The conserved quantity
from spatial translations is the momentum carried by the field, which for the KG

field is
P, = /dda; T = —/ddx 70;0.

For the Maxwell field, this gives the Poynting vector.

28



There is some ambiguity in the definition of the stress tensor which you’ll study
on the homework.

Let’s check that expression above for the conserved momentum agrees with our
expectations. In particular, in free field theory the total momentum of the state

lgl, e En> should be just the sum of the momenta of the particles, P= Y. hEg

(with interactions the story can be more complicated). Indeed
P, =— / d'z 70, = / d'kk;ala;

agrees with this. (Notice that I used rotation invariance of the vacuum to not

worry about a possible constant term.)

e We'll say more about the rest of the Poincaré group, i.e. rotations and boosts,
later on.

1.5 Casimir effect: vacuum energy is real

[A. Zee, Quantum Field Theory in a Nutshell, §1.9] This subsection has two purposes.
One is to show that the %hw energy of the vacuum of the quantum harmonic oscillator
is real. Sometimes we can get rid of it by choosing the zero of energy (which doesn’t
matter unless we are studying dynamical gravity). But it is meaningful if we can vary
w (or the collection of ws if we have many oscillators as for the radiation field) and
compare the difference.

The other purpose is to give an object lesson in asking the right questions. In
physics, the right question is often a question which can be answered by an experiment,
at least in principle. The answers to such questions are less sensitive to our silly
theoretical prejudices, e.g. about what happens to physics at very short distances.

In the context of the bunch of oscillators making up the radiation field, we can
change the spectrum of frequencies of these oscillators {wy} by putting it in a box and
varying the size of the box. In particular, two parallel conducting plates separated by
some distance d experience an attractive force from the change in the vacuum energy
of the EM field resulting from their presence. The plates put boundary conditions on
the field, and therefore on which normal modes are present.

To avoid some complications of E&M which are not essential for our point here,
we're going to make two simplifications:

e we're going to solve the problem in 1+1 dimensions

e and we're going to solve it for a scalar field.
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To avoid the problem of changing the boundary conditions outside the plates we
use the following device with three plates:

|« d— | +— L—d — |

(We will consider L > d, so we don’t really care about the far right plate.) The
‘perfectly conducting’ plates impose the boundary condition that our scalar field ¢(z)
vanishes there. The normal modes of the scalar field g(x) in the left cavity are then

¢; =sin (jrz/d), j=1,2,..

with frequencies w; = %c. There is a similar expression for the modes in the right
cavity which we won’t need. We're going to add up all the %hws for all the modes in
both cavities to get the vacuum energy Ey(d); the force on the middle plate is then

—0q4Ey.

The vacuum energy in the whole region of interest between the outer plates is the
sum of the vacuum energies of the two cavities

Eo(d) = f(d) + f(L — d)

where .
2721
fld) = éthj thdZ] =
7=1 7j=1
We have done something wrong. What? Cliffhanger! [End of Lecture 4]

Our crime is hubris: we assumed that we knew what the modes of arbitrarily large
mode number k (arbitrarily short wavelength, arbitrarily high frequency) are doing,
and in particular we assumed that they cared about our silly plates. In fact, no metal
in existence can put boundary conditions on the modes of large enough frequency —
those modes don’t care about d. The reason a conductor puts boundary conditions
on the EM field is that the electrons move around to compensate for an applied field,
but there is a limit on how fast the electrons can move (e.g. the speed of light). The
resulting cutoff frequency is called the plasma frequency but we don’t actually need to
know about all these details. To parametrize our ignorance of what the high-frequency
modes do, we must cut off (or regularize) the contribution of the high-frequency modes.
Let’s call modes with w; > 7/a high frequency where a is some short time''. Replace

n = —aw;j /T ;
) = flad) = D 3 e

1You can think of a as the time it takes the waves to move by one lattice spacing. If we work
in units where the velocity is ¢ = 1, this is just the lattice spacing. I will do so for the rest of this
discussion.
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2a? 24d N 480d3 * ( )
~

—o00 as a—0

Answers which don’t depend on a have a chance of being meaningful. The thing we
can measure is the force:

F = —04Ey=—(f'(d) - f(L—d)

- (G o) (5 e 0

azo _Th (1 1
24\ @ (L—d)?

L>d ™ FLC

—5 (L+0(d/L) . (1.23)

This is an attractive force between the plates. (I put the ¢ back in the last line.)

The analogous force between real conducting plates, caused by the change of bound-
ary conditions on the electromagnetic field, has been measured.

The string theorists will tell you that Z;’il ] = —%, and our calculation above
agrees with them in some sense. But what this foolishness means is that if we compute
something which is not dependent on the cutoff we have to get the same answer no

matter what cutoff we use. Notice that it is crucial to ask the right questions.

An important question is to what extent could we have picked a different cutoff
function (instead of e~™/%) and gotten the same answer for the physics. This interest-
ing question is answered affirmatively in Zee’s wonderful book, 2d edition, section 1.9
(available electronically here!).

A comment about possible physical applications of the calculation we actually did:
you could ask me whether there is such a thing as a Casimir force due to the vacuum
fluctuations of phonons. Certainly it’s true that the boundary of a chunk of solid
puts boundary conditions on the phonon modes, which change when we change the
size of the solid. The problem with the idea that this might produce a measurable
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force (which would lead the solid to want to shrink) is that it is hard to distinguish
the ‘phonon vacuum energy’ from the rest of the energy of formation of the solid,
that is, the energy difference between the crystalline configuration of the atoms and
the configuration when they are all infinitely separated. Certainly the latter is not
well-described in the harmonic approximation (A =0 in (1.1)).

A few comments about the 341 dimensional case of E&M. Assume the size
of the plates is much larger than their separation L. Dimensional analysis shows that
the force per unit area from vacuum fluctuations must be of the form
he
Iz

where A is a numerical number. A is not zero!

P=A

Use periodic boundary conditions in the xy planes (along the plates). The allowed
i 2mn, 2mn,
L, L,

We have to do a bit of E&M here. Assume the plates are perfect conductors

wave vectors are then

with ng, n, integers.

(this where the hubris about the high-frequency modes enters). This means that the
transverse component of the electric field must vanish at the surface. Instead of plane
waves in z, we get standing waves: ¢(z) o sin (nmz/L).

The frequencies of the associated standing waves are then
m2n?
12

Also, there is only one polarization state for n = 0.

wn(E):c —I—EQ,n:O,l,Q

So the zero-point energy is

where it’s useful to define

Now you can imagine introducing a regulator like the one we used above, and replacing
!/ / .
3 Y
n,k n,k
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and doing the sums and integrals and extracting the small-a behavior.

1.6 Lessons

Starting from a collection of particles, we chained them together, and made a field;
treating this system quantumly, we found a new set of particles. The new particles
(the normal modes) are collective excitations: their properties can be very different
from those of the constituent particles. (For example, the constituent particles are
distinguishable by their locations, but phonons are indistinguishable from each other.)

Some lessons from all this hard work:

Identical particles. Every photon is the same as every other photon, except for
their position (or momentum) and polarization state. For photons this is an immediate
consequence of how we discovered them by quantizing the Maxwell field: the state with
n photons of the same momentum and polarization is

al )"
()",

The same is true of all the other kinds of particles we know about, including electrons

n photons with E, a> =

(for which we haven’t seen a similar classical field description).

This means that we can write the state of N such indistinguishable particles merely
by specifying a collection of positions and of spin states — we don’t need to say which
is which (and in fact, we cannot).

A (momentum-space) wavefunction for N such particles is of the form
U(ky,ap; . kn, ay) = (krag; - 5k, an|) = (0] Qg oy Qksas ** * Qkyan |P) -
But the same state is described if we switch the labels of any two of the particles:
U(ky, vg; k1, an;....) = a¥(ky, ag; ks, as;....)

where a is some phase (recall: multiplying the whole wavefunction by a phase does not
change the state). Switching them back gives back the first state:

(ki ay; kb, ao;....) = a®W(ky, an; ko, ag;....)

so a? = 1. There are two solutions: a = +1 and @ = —1 and the two classes of particles
associated with these two choices are called respectively bosons and fermions.

Note that the Hilbert space of N indistinguishable particles (bosons or fermions) is
therefore not quite a tensor product of the Hilbert spaces of the individual particles.
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An immediate consequence of the minus sign under exchange of fermion labels is
the Pauli exclusion principle:

\Ierrmions(kh a3 kla aq; ) =0.

No two fermions can occupy the same single-particle state. The ground state of a
collection of (non-interacting) fermions is therefore quite interesting, since we must find
a different single-particle state in which to put each of our fermions. This has many
dramatic consequences, including the periodic table of elements, and the distinction
between metals and insulators.

A puzzle to consider: the bosonic statistics of phonons and photons was an imme-
diate consequence of the ladder operator algebra [a,a’] = 1. How could we possibly
get a different answer?

Lorentz invariance can emerge. The dispersion relation for the sound mode
and for the light mode was w? = k2. This is the fourier transform of 8,8"¢(z) =
0, a wave-equation which has Lorentz symmetry (if v is the speed appearing in the
Minkowski metric). In the case of sound, we had to ignore the O(a'k?) terms in
the long-wavelength expansion of the dispersion relation, cos(ka). The lattice breaks
Lorentz symmetry, but its effects go away for ka < 1. This point might make you
think that the Lorentz symmetry which is so precious to us in particle physics could
emerge in a similar way, but with a much smaller a than the lattice spacing in solids.
There are strong constraints on how small this can be (e.g. this well-appreciated paper)
so it is very useful to treat it as a fundamental principle.

2 Lorentz invariance and causality

[Peskin §2.2; 2.3, 2.4] Now we take Lorentz invariance to be an exact symmetry and
see what its consequences are for QFT.

Relativistic normalization of 1-particle states. Fock space is spanned by the
states [y, -+~ py) o af ---al |0) where a,|0) = 0. Now it is time to turn that oc
into an =. Fock space is a direct sum of sectors labelled by the number of particles:
Y« Nw = 0,1,2.... (Without interactions, the hamiltonian is block diagonal in this
decomposition.) In the no-particle sector, it is clear what we should do: (0]0) = 1.

A one-particle state is [p) = ¢,al |0). How best to choose ¢,?

(This discussion is shaded because it contains equations which will not be true in
the normalization we’ll use below. In this regard, beware the section of Peskin called
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“how not to quantize the Dirac equation”.) Suppose we choose ¢, Z 1. Then

(K1) £ (0l a,a} 0) 27 (0] [a,, af] 10y = (2m)*8 ) (k - 7) = (F — p)

Suppose the previous equation is true in my rest frame F. Since 1 = [ dpd(p — k), we
see that d?pg(p — k) is Lorentz invariant. More precisely,

(fey= 3 Ae—2)

zeros xqg of f |f/($0)|
If another F” is obtained by a boost in the =z direction, p, = Alp,
dp! dE
E\ (v —Bv00\ (E ﬁﬁzvﬁ—ﬂ%j
|| =By v 00| |ps . C (1—6&3
P, 0 0 10]]p 7 B
2 0 0 01 D, _ E_ _ =
where we used E? = p% +m? = p2 + p° + m? and 2E% = 2p, and C%E =z
So
ddp/ . dp' . / .
(5(d) N— k) = _5(d) ~ /{/ _ _a:5(d) ~ k/ _ —(S(d) ~ k/
(' — k) ' (' — &) . (P~ k) =500 — k)

Which means that in F’ we would have

. E .
(Fl5') £ =46 - F).

There is a special frame, it’s no good.

There is an easy fix:
Ip) = \/2wﬁa;]0> .
In that case the calculation in the shaded text is replaced by

<E|p> \/4wkwpg5 (k—p) —2wp5 )(k:—p)

while
— W/
(F1') = 20, 28 = ).
Wp

So the expression is the same in any frame, yay.
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Now you can ask why the factor of /2. We’d like to use these states to resolve
the identity in the 1-particle sector, 1; = > . > .|i) (i|. I claim that the following
expression does this and makes Lorentz symmetry manifest:

I L / AL () 26 (K2 — m?) k) (k]
——

E>0
4 . (5<k0—\/ Ez_mz) a4k . .
:/ k/dkoe(k) . k) (k| :/2—% oK) (o, ]
We used the general fact 0(f(z)) = >_, r(zo)=0 md(m — xp).

So in retrospect, a quick way to check the normalization is to notice that the
following combination is Lorentz invariant:

a'k

Zwk

A%

2wk/ .

N / dkof (ko) "5 (k* — m?)

Actually, this statement has a hidden assumption, that m? > 0. In that case, the 4-
vector k* satisfying k2 = m? > 0 is timelike, and no Lorentz transformation connected
to the identity can change the sign of kg, it can only move it around within the lightcone.
So the (ko) is Lorentz invariant.

Notice that our convenient choice of normalization doesn’t show that our Hamilto-
nian description of scalar field theory is actually Lorentz invariant. For example, we
have

[6(2), 7(i)] eror = 16D (& — 7)
at equal times, in one frame. What about other frames?

A second reason to study commutators is ...

2.1 Causality and antiparticles

Causality: This is the very reasonable condition on our description of physics that
events should not precede their causes.

It will be worthwhile to think about how to implement this condition in a QFT.
(The following discussion is based on appendix D of this paper.) Suppose B wants
to send a message to A. How does he do this? He applies an operator'?, call it B,
localized near B, to the shared state of their quantum many body system [¥) ,5p-

12¢Applying an operator’ is more complicated than it seems. Actually it means ‘changing the
Hamiltonian so that the time evolution operator is B’.
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(Here E is for ‘environment’, the rest of the world besides A and B.) Then A measures
some observable A; let’s assume 1 = trA = ) (eigenvalues of A). To send a different
message, he should apply a different operator, say B’.

Under the circumstances just stated, the expectation for A’s measurement of A is

(A)p = (V| BT ™A By) = (A(t)) + (BB, A(t)]) .
=A(t)

Therefore, if [B, A(t)] = 0, the expectation doesn’t depend on what B did. In fact,
replacing A with A" for any n and using ( [B,A(t)] =0 = [B, A(¢)"] =0 ) shows
that all the moments of the distribution for A’s measurement will also be independent
of what B did, so no message gets through'®.

Causality in relativistic QFT. In a Lorentz invariant system, ‘precede’ is some-
times a frame-dependent notion. If A is in the future lightcone of B, i.e. 0 < (x4 —
r5)? = (ta — tg)? — (¥4 — Tp)* and t4 > tp, then everyone agrees that A is after
B. This is the easy case. But if A and B are spacelike separated, 0 > (x4 — )% =
(ta —tp)? — (¥4 — Tp)?, then there is a frame where they occur at the same time, and
frames where they occur in either order. This is the dangerous case.

[End of Lecture 5]

So: causality will follow if [A(z4),B(zp)] = 0 whenever x4 and xzp are spacelike
separated, 0 > (x4 — x)% Recall that spacelike separated means that there is a
Lorentz frame where A and B are at the same time.

A general operator in a scalar QFT can be made from ¢s and 9,¢s, so the general

13The loophole-seeking reader (ideally, this is everyone) will worry that a distribution is not in
general determined by its moments. (For example, there are perfectly normalizable distributions with
finite averages but where the higher moments are all infinite, such as p(z) = ﬁ‘fa/f on the real line:
(z?) = a?, but (2°") = oo for n > 1.) What we would really like to show is that the conditional
probability p(a|B) is independent of B, in which case for sure A couldn’t learn anything about what

B did. That is

p(a|B) = (Y| B ™' |a) (a] ™™ B ) = (Py(t)) + (B'[B, Pu(t)]) .
—_— —

:Pa(t)

Does [A,B] = 0 imply that the projector onto a particular eigenvalue of a commutes with B? In a
finite dimensional Hilbert space, it does for sure, since 0 = [A",B] = )" a"[P,,B] is true for all 7,
which gives infinitely many equations for [P,, B]. In the case of infinite dimensional H I think there is
some room for functional analysis horror. On the other hand, any measurement has finite resolution.
Thanks to Sami Ortoleva and Chuncheong Lam for help with this point.
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statement will follow from considering commutators of

¢(r) =

d’p _— :
—ip,xt T +ipuat — 4(+) (=)

m(aﬁe P+ agem > oy =+

Here we have decomposed the field into positive- and negative-frequency parts. Notice

that since *) (#(~))only involves annihilation (creation) operators, [¢*)(z), #*)(y)] =

0 for any x,y. Using the ladder algebra,

a'p

(e—ipu(r—y)“ _ e+ipu(r—y)“)
2&)17

6(x), B(y)] = /

= /dd+1p 27T5(p2 — m2)9(p0) (e—ipu(z—y)” _ €+ipu(z—y)”) (2.1)

Vv
Lorentz inv’t

Here comes the slippery stuff: Suppose x — y is spacelike. Let’s choose a frame
where they are at the same time, and let A be the Lorentz matrix that gets us there:
Az —y)¥ = (0, Azx)* = 7. Then we can change integration variable to p* = Akp”.

(x), ()] L0 / a1 2m0(5F — m)O() (P - HAT) — 0. (2.2)

[ J/

-~

odd under ﬁﬁ 7pj
We conclude that [¢(z), ¢(y)] = 0 if (x — y)* < 0, i.e. for spacelike separation.

The same argument works for ¢, 7] and [r,7|. For [¢,x], the strict inequality is
important.

So vanishing ETCR (for nonzero separation) plus Lorentz symmetry implies causal-
ity.
Notice that the argument fails if (z — y)? > 0, since then we can’t get rid of the

time component of the exponents by a Lorentz transformation, and they don’t cancel.

Now let’s think more about the bit which is nonzero:

[6(x), ()] = [ (), 67 ()] + [¢'7) (), 6 ()]

N

=A+(z—y) =A-(z—y)

Because [a,al] oc 1, Afis a c-number, independent of what state it acts on. So, for
any normalized state [},

Atz —y) = W[ ATz —y) [v) = (0| AT(z —y) |0)
= (0] [¢ (x), ¢ ()] |0)
= (0] 6™ (2)e (1) |0) — (0] 6 (y) () ]0)
N———

=0:¢T > a,al0) =0
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= (0] ¢(x)o(y) 10) = D(z —y)

where in the last step we again used ¢*|0) = 0. ' This is the vacuum-to-vacuum
amplitude, or propagator, in the sense that

o(y) |0) = |‘particle created at y’)

(0| ¢(z) = (‘particle destroyed at 2’|
That is,

alp
A+ _ — —— - — . — _ 71p-(1‘*y)'
G- =Y 0= [ G
p
This integral can be done in terms of functions with names'®, but the most useful
information is about its asymptotics in the very timelike ( ¢t = |2° — ¢°| > |7 — 3] )
and very spacelike ( |2° —4°| < |Z—¢| = r ) limits. You can read about how to arrive
at these expressions in Peskin (page 27):
e—imt7 xO_ 0>>a_:’__"7x_ QEtQ
N o 1P 7312 )
e, 2 =yl < T -yl (r —y)?P = 0

Notice that this quantity (¢(z)@(y)) is not zero outside the lightcone. What gives?

Causality only requires the vanishing of commutators outside the lightcone, which
we already showed in (2.2). I got mixed up in the book-keeping at this point in lecture.
The purpose of the following discussion is to interpret the cancellation in (2.2) as
destructive interference between particles and antiparticles. What happened here in
terms of physics pictures? It’s clearer for the complex scalar field, where

P :/ﬂeima o) ddp eJribe;r?

N Vs

(with the expressions for the + and — frequency components for ®* following by taking
hermitian conjugates). So consider the analogous

D(x —y) = (0] ()" (y) [0) = (0] [27(z), 2"~ ()] |0) = AJ(z — v)

from [a, af]

D¥(y — ) = (0] ®*(4)®(x) [0) = (0] [2°" (), &~ (2)] [0) = — Ay (y — )

from [b, bf]

“Note from the definition that A*(z — y) = [0 (z), o) (y)] = —AF(y — z).
15Specifically, in four spacetime dimensions and spacelike separation, (x —y)? = —r?, AT (x —y) =
LKl (T‘)

272
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So if we consider the commutator,

(0] [®(2), ®"(y)]|0) = D(x —y) = D"(y — x)

D e e e Rt e ity)
p

~
particle antiparticle!

then in the spacelike case, the antiparticle bit from the first term of the commutator
cancels the particle bit of the second, as above in (2.2). Antimatter makes QFT causal.

2.2 Propagators, Green’s functions, contour integrals

I claim that the propagator for a real free scalar field can be represented as :

To see that this is related to the object we discussed above, first note that the denom-
inator is

p* —m? = (po —wp) (po +wp) , wp=\p-p+m?
so there are two poles, which seem to be on the real axis; this means that our integral
is ambiguous and we need more information, indeed some physical input.

We can specify the contour C' by taking linear combinations of C4
which are small circles going clockwise around the poles at +wj.

These basic integrals are':

. i 1 .
ddHlp et 1 /dd ——eT | = AT(z). 2.3
N pe p2 _ m2 p2wﬁe ‘PO— B ($) ( )

/ ddtlp eipus” o = /ddp ! e T = —AT(—2) iz A~ (z).
3 p2 —m?2 _QW;E' Po=—Wp
If we add these up, we get the full propagator:
M) =A%)+ A ()= [ At
C=Cy+C_ pT—m

16We are going to use the Cauchy residue theorem fC dz = f(z) = 2ni sz Res.—.; f where z; are
the poles of f. To remember the sign, consider a small circle Cy counterclockwise around the origin

and f(z) =1/z, 50 §, L =i [ df = 2ri.
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This is one particular choice of contour, and others are also interesting. Consider
the retarded propagator,

Dz —y) = 0(2" — y°) (0l[6(2), 6(y)][0) .

We can reproduce this by routing our contour to go above the poles in the complex
p° plane: if 2° — y° > 0, then the factor e #"°~%") decays when Imp° < 0, so we
can close the contour for free in the LHP, and we pick up both poles; if 2° — " > 0,
we must close in the UHP and we pick up no poles and get zero. Notice that we
could get the same result by replacing p° — p° + ie in the denominator, where € is
an infinitesimal (this means that €2 = 0 and ec = ¢ for any positive quantity c).

L~ L~
—o — /A . SIA

—.(JF ‘Jﬁ "'“F _ llé “?—;f

l

Another interesting way to navigate the poles is by replacing p? —m? with p? —m?2+ie.
This shifts the poles to

P’ = Fw, /1 —ie/w, = Fw, (1 —ie).
L~ L~

—O > — : > Ce L This is called
“ﬁ “6 _ ’.€

the Feynman contour, C'r, and it seems rather ad hoc; if we had built our understanding
of field theory using the path integral, as Zee does, this would have popped out as an
inevitable consequence of making the path integral well-defined (see page 20 of the 2d
edition). To salvage some self-respect here, consider the euclidean propagator, where
we get rid of the relative sign in the metric :

—i
Zzpzl pi+m?

Its poles are at pP = +iy/p- p+ m?2, far from the integration contour, so there is no
problem defining it. Now consider smoothly rotating the contour by varying 6 from

. D
6_1 21:1 Pi; .

Ig(@) = [dPp

41



D

0 to 7/2 — € in p° = €p”. The Feynman contour is the analytic continuation of the

euclidean contour, and the € is the memory of this.

In position space, the Feynman propagator is

Ap(z)= [ atipeipes” :

5 = 0(@") AT (2)+0(—2") AT (—z) = 0(2") AT (2)—0(—2") A~ ().
Cr pT—=m

If 2 > 0 (< 0), we must close the contour in the LHP (UHP) and get A™ (A™).
Recalling that A*(z — y) = (0|é(x)o(y)[0),

Ap(z —y) = (0] (02" — y°)o(2)d(y) + 0(y° — 2°)p(y)d(x)) [0) = (0] T (¢(2)é(y)) |0) -
The T is the time-ordering symbol: the operators at the earliest times go on the right,
so we can regard time as increasing to the left.

The propagator is a Green’s function. So we've learned that

i

A(p)

p2 —m2

is the Fourier transform of A(z), the momentum-space propagator (either retarded or
Feynman). From this we can see that A(z) is a Green’s function for the differential
operator 9,0™ 4+ m? in the sense that

(0,0 +m?) A(z) = —id(z)

(by plugging in the Fourier expansion of A and of the delta function, @Y (z) =
f d™p e=* and differentiating under the integral). Notice that this did not depend
on the choice of contour, so this equation in fact has several solutions, differing by
the routes around the poles (hence by A*, which are solutions to the homogeneous
equation, without the delta function). On the homework, you will show this directly
from the position space definition.

[End of Lecture 6]

Physics preview. Here is a preview of the physics of the Feynman propagator.
Imagine we introduce some interactions, such as a cubic term in the Lagrangian, e.g.

L3 ¢p(x)pn(x)pr(x) + h.c. (2.4)

where the fields appearing here destroy or create particles with the names in the sub-
scripts. Here are two stories we might tell about a collection of such particles.
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Q

P
h\/
Q -
P L
2 A
A/\ -
A/\A

In both pictures, time goes to the left. In the first picture, a A~ emits a 7,
becoming a A at spacetime point P. This 7~ propagates to () where it is absorbed
by a p, which turns into an n. In the second picture, a p emits a 7 at ), and becomes
n; that 7+ is absorbed by a A~ which becomes a A°.

b
h\/
?

But these two stories are related by a Lorentz boost which exchanges the relative
times of the interaction events — they must be the same story. The Feynman propagator
includes both automatically.

Antiparticles going backwards in time. This story is clearer if we discuss the
complex scalar, where particles (created by al) and antiparticles (created by b') are
distinct:

ap ap
d(x) = ac P4 | ——_pletirr
(z) \/w/2wp P . \/ 2wy P .
E<I:+r(x) E(I::(I)

The commutator is

2(@).9'(0)] = [0 (). 9" W]+ [@7(2). 9" ()

[

from [a,al], particles  from [b, bf], antiparticles

= Allz—y) + Ap(z—y)
—_———
=—Af (y—=)

:/Cdd+1€—ip(x—y) ! +/ ddtle—ip(z—y) ! (2.5)
+

p2_m2 p2_m2'

The propagator that we’ll really need to compute S-matrix elements is

Ap(z —y) = (0] T (2(z)®"(y)) |0)
= 0(2" —3") (0] ()" (y) |0)

(& J/

=(0|@+ (2)®*~ ()[0)=(0[&* (2),2*~ (v)]|0)=Ad (z—y), particles
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+0(y" —a?) (0] 2" (y)®(x) |0)

. J
g

=—(0[[@** (y),®~ (2)]|0)=—A (z—y), antiparticles

44



2.3 Interlude: where is 1-particle quantum mechanics?

[Tong, §2.8] Consider a relativistic complex free massive scalar field ®, with mass m.
The minimum energy of a single-particle state is w,—o = m (above the vacuum); in its
rest frame, the wavefunction is e ™. Consider the change of variables:

. 1
O(T,t) = e (T ) ——. (2.6)
2m

The Klein-Gordon equation is

0 = 320 — V20 + m?d = 2me ™ (qf — 2im¥ — v%p) ,

where the terms with m? cancel; so far we've just changed variables. The non-
relativistic limit is [p] < m? which on-shell, w, = \/p? + m? ~m + % + -+, implies
that |V| < m|¥| so we can ignore that term in the KG equation, leaving

1
10,0 = —— V20U, 2.7
10t 2mV ( )

This looks like the Schrodinger equation for a particle in no potential, in position
space, but that is a coincidence: W is not a wavefunction. This equation (2.7) is the
eom associated with the lagrange density

. 1 - .
L=V - —VU*. VU
2m

from which my = i¥*, g+ = 0 (which you can also get by plugging (2.6) into 9,$*0*P).
The ETCRs are then

(U (2), () =017 —7), [V, 0] =0=[T" 7]
and the Hamiltonian is .
H= /dd:c—ﬁqf*ﬁqf.
2m
The solution in terms of creation operators is then

U(x) = /ddpeiﬁ'fap, U*(z) = /ddpe_iﬁ'fa;

with [a,, af] = (27)%6%(p — q) as before. The hamiltonian is then

P
H = / ddp%a;')ap (2.8)
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(with no normal-ordering constant — the vacuum of this non-relativistic theory is
extremely boring and has no dance of birth and death of the fluctuating particle-
antiparticle pairs).

The crucial point here is that the antiparticles are gone, despite the fact that the
field is complex. In the limit we've taken, we don’t have enough energy to make any.
The states are

ay, -2y [0) = [{p}), 2,]0) =0

il
i 2m

relativistic (NR) dispersion for each particle. Notice that the NR limit required a

and these are energy eigenstates with energy H [{p}) = > .= |{p}), a nice non-

complex field (otherwise we can’t multiply by a phase). The particle-number symme-
try is still present ¥ — e~ W, but now the current is
S\ K

. @
= (\II\II ﬁqf*wf n h.c.) - <p,j>

Now we can find the QM of a single particle which cannot go away (since we
got rid of the antiparticles), with some position and momentum operators. In fact
the momentum operator is just the charge associated with translation invariance, and
takes the form (just like on the homework)

P= / ddpﬁa;ap

and P|{p}) = 3. 7. |{p}). What’s the position operator? A state with a particle at
position 7 is
B = v @)0) = [a'pe 7 ).

If we let
X = /ddx\ll*(x)f\ll (x)

then indeed X |Z) = Z|#). To see that the Heisenberg algebra [X, P] = i works out,
consider the general 1-particle state

) = / dheip(z) |z

The function ¥ (x) here is the usual position-basis Schrédinger wavefunction. You can
check on the homework that

xu) = [dastvio)le), P = [ate (<10 ) i)
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which implies the Heisenberg commuator. Finally, the hamiltonian (2.8) gives the time
evolution equation

. V2
i) = “om (0
m
which really is the Schrodinger equation.

Many particles which one studies in NR QM are actually fermions (e, p,n...) and
therefore not described by a scalar field. But in the 1-particle sector, who can tell? No
one. Later we’ll see the NR limit of the Dirac equation, which is basically the same,
but with some extra juicy information about spin.

Next we will speak about ‘interactions’. This term is used in two ways. In NR QM,
it is sometimes used to describe an external potential V' (z) appearing as an extra term
in the Schrodinger equation

VQ
10y = —%¢ + V(z)y ().

Such a term explicitly violates translation symmetry. It can be accomplished by adding
to the action the quadratic term

ASy = — /ddx‘ll*(x)\lf(x)V(x) = — /dda:p(x)‘/(x).

This says that nonzero density of particles at = costs energy V(z). A second sense of
‘interaction’” which is how it will be used forever below is interaction between particles.
With only one particle this cannot happen. NR QM theory does accommodate more
than one particle, and we can consider an interaction between them like

AS = —/ddx/ddyllf*(a:)\ll(x)V(x — )V (y) ¥ (y).

If V(z —y) = §%x — y), this interaction is local.
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3 Interactions, not too strong

3.1 Where does the time dependence go?

[Peskin chapter 4.2] Now we must get straight where to put the time dependence. Dif-
ferent ways of doing the book-keeping are called different ‘pictures’. At some reference
time, say ¢t = 0, they all agree: label states by [¢, 0) and operators by O(0). At a later
time, in picture P, these evolve to [¢, ) 5, Op(t). Physics, such as any amplitude like

P <¢a t| OP<t> |¢7 t>P (31)

is independent of P. Let’s assume the hamiltonian H has no explicit time dependence.

In Heisenberg picture (P = H), |¢,t); = |1, 0) for all time, and the burden of the
time dependence is all on the operators

Ou(t) = UL (H)O(0)Up(t).
The Heisenberg equations of motion are

so in particular Hy = 0 so Hy(t) = Hy(0) = H. Then (3.2) is solved by U (t) = e .
For example, another example of an operator is the free field:

Oy(7,t) =

a“ . :
2ip (2,677 + bie).

In fact, this equation is basically the whole story of free field theory. The field makes

particles which don’t care about each other.

In Schrodinger picture (P = S), %

only from explicit, external dependence in the definition of the operator (which will
not happen here), so Og(t) = O(0), and (3.1) then requires

Os = 0,05 time dependence of operators comes

[, t)g = Un(t) [4,0).
And the unitary evolution operator is
UH(t) _ e—iH(O)t _ e—iHSt _ US —U

so does not require a picture label.

Interactions. So, in an interacting field theory, all we need to do is to find U to
figure out what it does. For better or worse, this isn’t a realistic goal in general. In
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this class we are going to focus on the special case where the interactions are weak, so
that the hamiltonian takes the form

H:H0+V

where Hj is quadratic in fields (linear terms are allowed but annoying) and we assume
that the interaction term V' is proportional to a small parameter. This by no means
exhausts all interesting questions in field theory; on the other hand, a surprisingly
enormous amount of physics can be done using this assumption.

Interaction picture. (P = I) In this case, it is very convenient to use a hybrid
picture where the time-dependence of the operators is as in the Heisenberg picture for
the hamiltonian with V' — 0. This free field evolution is solvable:

O;(t) = UIO0)U,, Uy(t) = e tHot, (3.3)

Note that in this picture, Hy(t) = Ho(0) = Hy. Equivalently, i0; = [Or, Hp|, where in
this expression, crucially, Hy = Hy(®;) is made from interaction picture fields, whose
evolution we know from above; for example, for a complex scalar,

qD[('fa t) -

d’p
\/ 2wy

(ape_ipw + b;eipm) .

[End of Lecture 7]

The catch is that the interaction-picture states are still time-dependent:

(3.1)!
N — 7 N-\f-/
=(,0[U}; ()O(0) U (£)]3,0) =U{ ()O(0)U,(t)

YV, 1 which says that

[, 1) = U§(®)Un(t) [, 0) = Ur(t) [¢,0).
In the interaction picture, the interaction hamiltonian itself evolves according to
V= Vi ] = Vi) = UV 0)U,
So for example, if V(0) = [ d?zg¢®(x,0), then using 1 = U,U] repeatedly,
UV O)U, = g [ daUie .00, = g [ d'aUio(e. 00006 00U 00Uy = g [ s (o(e.0)".
This trick wasn’t special to ¢* and works for any local interaction:

V() = Vle=o (¢£(1))
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— just stick the interaction-picture-evolved fields into the form of the interaction at
t =0, easy.

How do the states evolve? Notice that [U],Uy] # 0, if the interactions are inter-
esting. So

O [ty = 0 (Ur(t) [1,0)) = 0, | US(2) Upyl(t) ¥, 0)

:e_iH(O)t:e_i(H0+V)t

= Ul |iHy —iH | Uy |1,0)

=-1v(0) =UL (U0t
= —iUV(0) Uy U, U [, ), = LUV (0)U, [, 1), - (34)
=1 =V (t)

That is

10 [, 1), = V(1) [, 1),

Alternatively, the interaction-picture evolution operator satisfies

i0,U1(t) = V(U (2).

Notice how this differs from the Heisenberg evolution equation (3.2): although the full
H is time-independent, V;(t) actually does depend on ¢, so [V (t), V()] # 0, and so the
solution is not just a simple exponential. We’ll find a nice packaging for the solution
next in the form of Dyson’s expansion.

Peskin’s notation for this object is U;(t) = U(t,to)|t,=0. We can figure out how to
change the reference time from zero as follows:

|¢7t>l = UI(t) W}a O> ) |¢7t/>1 - Ul(t/) W)v O) = |w7 O> = U}L(t) |¢7t/>
WJ?t>I = UI(t)U;r(t,) |¢7t/>1
———

=U(t,t)

From which we infer that

Ut t) = Ul U, (UL (U, (') = elfloteHE) g=iHot"

From now on we drop the P = I subscripts: everything is I.

Definition of S-matrix. What are we going to do with the evolution operator?
Here is a basic (only slightly naive) three-step framework for doing particle physics
(not yet for making predictions).
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e At time t;, specify (e.g. measure) all the particle types, spins, momenta in the
form of an initial state |¢) in the QFT Hilbert space.

e Wait. At time t, the state is
U(t,t;) i) = [, 1) .
e At time ¢;, measure all the particle data and get some state |f).

Quantum mechanics says that the probability for this outcome is

(IO ta) i)

(One way in which this is significantly naive is that the space of outcomes is continuous,
so we must instead make probability distributions. More soon.) Because particle
interactions are a fast-moving business, a useful idealization is to take t;, — —oo and
ty — 00, and let

Sfi = <f‘S|Z>, S’ = U(OO,—OO)

the S-matrix (‘S” is for ‘scattering’).

This has only three ingredients: initial state, final state, and time evolution opera-
tor. Let’s focus on the last one:

Dyson expansion. We need to solve the equation
O |, t) = =iV (t) v, t), with initial condition |¢), ;) = |i) .

Here’s a “solution”:
t
ort) =10)+ (1) [ daVit) o)
t

The only small problem is that we don’t know |1, ¢;). But we can use this expression
for that too:

mw=m+eu[ﬁw<(m+vqfﬁw<0

= |i) + (—i )/t dt, V (ty) (—1) /dtl/ dtoV (t1)V (t2) |1, ta)

?

Why stop there? Two comments: (1) This is a good idea when V' o« A < 1. (2) Notice
the time-ordering: the range of integration restricts ¢; > t9, and the earlier operator
V (t2) is to the right. The ad absurdam limit is

6,1) = _I/J@/d@ / A,V (E)V (t2) - V(E) i) = Ult, 1) |0

(3.5)
which since this is true for any |i) tells us a formula for U.
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To review, the equation we are trying to solve is:
i0, [1,t) = 10U [, t;) = i0,UU" |4, 1).
~—
=V(®)l,t)

This is true for all |+,t), so it means i0,UUT = V. Multiplying the BHS on the right
by U gives
= o, U = —-iVU.

We might expect that an equation like this has a solution which is something like

P .
S 6_1Vt.

Now we must deal with what Lawrence Hall calls “the wretched n!”. Starting from
our series solution (3.5),

Ut t) = (—i) /dt1 / dts - - / dt,V (6)V () - - - V(1)
_ Z(_l)"/ dtl/ dtg"'/tn dt, T (V(t)V (L) --- V(tn))
_Z —j)" /dtl/ dty - - /dt TV#@)V(t) - V(t.))  (3.6)

In the first step I used the fact that the operators are already time ordered (this followed
from the differential equation we are solving, since the V' always acts from the left). In
the second step we used the fact that the time-ordered integrand doesn’t change if we
permute the labels on the times. So we can just average over the n! possible orderings
of n times. If we pull out the time-ordering symbol, this is an exponential series:

Ut t) =T (e*iffi dt’V(t’>> '

The time-ordered exponential is defined by its Taylor expansion.

3.2 S-matrix

Taking the times to +00 in the previous equation gives an expression for the S-matrix:
gzU(—oo,oo)zT( —S dvit ) (3.7)

The practical value of these expressions is that they give a (compact) recipe for evalu-
ating the time evolution operator as a series in powers of the small parameter in front
of V(0): we know V/(t) in terms of things like a,a’, can pull them down term-by-term.
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I should have called the previous expression the ‘S-operator’, since the thing we
are after is really the S-matrix elements, (f|S i), for which we still need (i| and |f).
Here we encounter some small trouble. Can we just use the states like \/2_wpa}t |0)
(the eigenstates of the free hamiltonian) which we’'ve grown to love? In fact, even the
vacuum |0) is not an eigenstate of the actual Hy+ V (since [Hyp, V] # 0), so it will not
stay where we put it. The vacuum of the interacting theory [€2) is itself an object of
mystery (a boiling sea of virtual particles and antiparticles), and the stationary excited
states are too (a particle carries with it its disturbance of the vacuum). We'll learn
to deal with this in perturbation theory, but here’s an expedient: pick a function f(t)
which is zero at one end, one in the middle, and then zero again at the far end. Now
replace the interaction hamiltonian V' with f(¢)V(¢). Then, if we take t; < the time
before which the interaction turns on, and ¢; > the time after which we turn it off,
then we can use the free hamiltonian eigenstates. This is in fact wrong in detail, but
it will get us started.

Example. Let’s return to the ‘scalar Yukawa theory’ that we briefly encountered
earlier in (2.4). Simplifying the notation a bit, the whole Lagrangian density is

1 1 1 1
L= 5@(1)*8“61) — 5m2<1>*<1> + éauqsa% — §M2¢2 + L (3.8)

with  L; = —g® D

The mode expansions are

ddp —ipx T ipx
b= /—\/ﬂ (ape +aje ) | o=,
p

)

dp . .
= [ — (bpe_lm + cTe"’m) o=

/2Ep p P
where I've written w, = /M2 +p% E, = \/m? + ¢ Notice that the & — e *®
symmetry is conserved; the charge is

q:Nc_Nb-

But the ¢ particles are not conserved.!'”

Artisanal meson decay. [Tong §3.2.1] Consider

iy = \/2wpal [0), | f) = \/2F,,2E,,b! cl [0).

17You might notice a possible problem with this theory: what happens to the quadratic term for ®
when ¢ is very negative? Let’s not take it too seriously.
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https://www.youtube.com/watch?v=U6zWjUhfj-M

The S-matrix element between these states is
(31 = (11 (14 (1) [ @ tagooie, + o) 1

where all operators are in interaction picture. The first term dies because (f|i) = 0.
The ¢ ~ a + a' takes a one-particle state into a superposition of states with zero and
two ¢-particles. We need to end up with zero ¢-particles. The leading-order nonzero

term is
. d+1 * ddk —1ka: T
= —ig d“ ¢ <f| CI)JECI)Z - aa, |0> vV 2wy
=4 (k—p)|0)

'k
\/_

1k2xc;r€1 |0>

a%k
= —ig / d*tze 7 (0| by, ¢y, /4E, E,, / Lok,
_ —lg/ddHZEe i(q1+g2—p)r _ —lg(27r)d+15d+1(q1 + o —p)

This is a small victory. This delta function imposes conservation of energy and mo-
mentum on the transition amplitude. In the ¢ rest frame, p* = (M, 0) which says the
amplitude is only nonzero when ¢; = —¢ and when M = 2./|¢;:|?> + m?. Notice that
this can only happen if M > 2m.

How do we get from this amplitude to a probability? We have to square it:
2
Pyi ~ |sz'|2 = 92 (5d+1(pf —pz')) .
The square of a delta function is infinity. What did we do wrong?
[End of Lecture §]

Not so much, we just asked a dumb question. Here is where it helps to be a physicist.
Consider:

(5d+1(p))2 — 5d+1(p)5d+1(0) — 5d+1(p)/dd+1xei0x _ 5d+1(p)VT

where V'T"is the volume of spacetime — the size of the box times how long we're willing
to wait. There is a nonzero probability per unit time per unit volume that a ¢ particle
in a plane wave state will decay. We’'ll get its lifetime out momentarily.

For more complicated examples, it will help to streamline this process, which is the
job of §3.3.

3.3 Time-ordered equals normal-ordered plus contractions

We have an expression for S in (3.7) involving only time-ordered products of operators.
If we stick this between states with just a few particles, the annihilation operators in
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there very much want to move to the right so they can get at the vacuum and annihilate
it, as is their wont. Wick’s theorem tells us how to do this, along the following lines:

Wick: T(p..p) =:¢...0: + 7
have want

In the previous schematic non-equation, I introduced a notation for a normal-ordered
product : ¢ - - - ¢ : which means each term has all the annihilation operators to the right
of all the creation operators, for example

L o(@)p(y) = ¢ (2)0T (y) + ¢~ (¥)o T (x) + ¢T (2)dT (y) + ¢~ (x)d™ (). (3.9)

This operation is by definition linear.

Normal-ordering difficulty. Actually, there is a trap here which was brought
to my attention by Chuncheong Lam: If we want the normal-ordering operation to be
linear, then we must have

=aal—1

But (0] : afa: |0) = (0] : aa : |0) = 0 so we must have (0] : 1 : |0) = 0, which means
we must have the shocking-looking equation:

:1:=0

that is: the normal-ordered product of a c-number must be zero. This definition
(which, beware, differs from Peskin’s) has the advantage that my statement below that
the vacuum expectation value (VEV) of any normal ordered product is zero (with no
exceptions for c-numbers). The price is that we cannot put the normal-ordering symbol
around the c-number bits, as Peskin does.

More generally, let A, B, C' be the positive- and negative-frequency bits of some
fields. Then

-ABC ....= | ABC' . ...
—

only afs only as

Peskin writes N(---) =:---:. Notice that (0] : anything : |0) = 0.
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A comment about fermions. Later we will use anticommuting operators, which
have

{ce.cl} =d(k —p), {cl,cl}=0.

In particular, the equation (c;ﬂ)2 = 0 is an algebraic realization of the Pauli principle.
The cost is that even the ¢~ bits generate signs when they move through each other.
In that case, we define the normal ordered product as

:ABC---:= ABC -. .- | (-1D)F
—_—
only afs only as
where P is the number of fermion interchanges required to get from ABC--- to
A'B'C"- .. Keeping track of these signs, and replacing commutators with anticommu-

tators, everything below goes through for fermion fields.

Let’s go back to (3.9). Because [¢F, | = 0, the order in the last two terms doesn’t
matter. This can differ from the time-ordered product only in the first or second term.
If y° > 20 it differs by [¢~(z), 0" (y)] = —AT(z — y), and if 2° > ¢°, it differs by
[0~ (y), oT(2)] = +AT (x — y). Altogether:

L o(x)o(y) =T (d(x)d(y)) —Ar(r —y) =T ((x)d(y)) —d(x)d(y). (3.10)

More generally, writing ¢, = ¢4 (2,), Wick’s theorem says

21 On =T (1 ¢n) + (all contractions)

where a contraction is defined as the price for moving a pair of operators through each
other to repair the time ordering, as in (3.10), and denoted by the symbol in (3.10).

For example, for four fields, the theorem says

1 1 1
T(p1---ba) = (¢1 g+ (P102P304 + 5 more)) : +(P1920304 + 2 more)

Notes: The fully-contracted bits are numbers, so they are outside the normal-ordering

L. F f n fields, th
bttt oo (3) ¢ (1) ) + (5) () (0) -+

(L T/L 5 J) (= many) contractions. But if we take the vacuum expectation value (VEV)
n
of the BHS, most terms go away.
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Here’s the idea of the proof (Peskin page 90), which is by induction on the number of
fields m in the product. We showed m = 2 above. Assume WLOG that 2§ > --- > :B?n,
or else relabel so that this is the case. Wick for ¢s - - - ¢,, says

T (1 bm) = \(b}/ g+ O+ + (all contractions w/o ¢y )
=¢f +¢71

The ¢; term is already in the right place and can slip for free inside the normal-ordering
sign. The ¢ needs to move past all the uncontracted ¢;>98; this process will add a
term for every possible contraction involving ¢;. ]

3.4 Time-ordered correlation functions

Time-ordered correlation (or Green’s) functions of local operators will be useful:
G (@y- ) = QT (61 (1) - 0 () [9).

Here, the operators are in Heisenberg picture for the full hamiltonian, and €2 is its
actual lowest-energy eigenstate, H |Q)) = Ey |€2). The fourier transform is also useful:

(;(n)(pl...pn) = /dd+1$1---/dd+1xn e—iZ?pmg(n)(wl...xn) .

In the free theory of a real scalar, we know something about these:
G(Q) — A o -
free(xl’xQ) F(xl xQ) % Yy

i

GO (pr,p2) = 7 (01 + p2) R (TR K — (3.11)

p? —m? + ie
The higher correlations are Gaussian, in the sense that they are sums of products of
the two point functions:

G(4)

free

\ < I h s ‘\

1 } 3

= - l \ -

2 4

(3.12)

1
\4
Expectations. Our next goal is to construct a perturbative expansion in the case

of V.= [d25¢%(z). We expect a correction of order A of the form: /% In

momentum space, we have blobs (unspecified sums of diagrams) with external lines
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AR JT,

labelled by pi": C Notice that there is no need to restrict their values to the

fa
mass shell p? = m?, that is, G(p) is nonzero even when p; are off-shell: these Green’s
functions contain “off-shell” information, more information than is available in just the
scattering matrix. However, something special will happen when the external legs are
on-shell. As you can see from the free two-point function, (3.11), they blow up on the
mass-shell. The existence of a singularity of G on the mass-shell is a general fact, and
their residues give the S-matrix elements:
y .
G(Pl **Dn) na H ;S(Pl ©+ D).

pi —mi +ie

(This is the LSZ theorem, about which more later.)

Perturbative expansion of time-ordered correlators. We’ll do this in three
steps: (1) Relate |©2) to |0). (2) Relate ¢ to ¢r. (3) Wick expand and organize the
diagrams.

Step (1): [Peskin page 86-87] Some preparations:
e Fix the additive normalization of the hamiltonian by H [0) = 0.

e Label the spectrum of H by |n), so 1 =) |n) (n|. This is a very scary sum over
the whole QFT Hilbert space, really an integral.

e Assume that (©2|0) # 0. A necessary condition for this is that the actual Hamil-
tonian is in the same phase as the Hy. Also, let’s keep the volume finite for
awhile.

Now consider
(O[T =3 "(0[n) (n| e =" (0[n) (n e + (0]Q) (Qf e 70T
n n#Q

Since Ey < E, for all other n, by given T a large negative imaginary part, 7' — oo(1—ie)
we can make the contribution of {2 arbitrarily larger than the others. Multiplying by
BT /(0]9) gives

« y (0] e HT G ET N (01 o= y (0] eiHoT o —iHT GiET
= im e — = im
T—oo0(1—ie) <O|Q> T—o0(1—ie) <O’Q>
Since T is infinite anyway, we can shift it to T'— T — ¢, without change:
0 iHO(T*tQ) 7iH(T7t0) iEo(Tfto) O U t t iEo(Tfto)
Q= lim (<|€ ‘ ‘ ): lim <<| i{t,fo)e )
T—o0(1—ie) <O|Q> T—o0(1—ie) <0|Q>
(3.13)
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Do the same for |(2).
Now step (2): Consider

G (z,y) ;3 QT (ou(x)ou(y)) Q) )
(3.13) Tﬁgﬁl_ie) [(6—iE0(T—t0) <0|Q>)_ (0| Ur(T, tg)

U1 (@ 10)61(2)Ur(2" to) - U} (y°,10) 61 (9) Ur(y" to)
Ur(to, =T)[0) (70 ()0)) ]

= lim (e7RT0|0) )7 (0] U(T, 2)o(2)U (2, 5o (y)U (4", =) |0)

T—o0(1—ie)

—T ()b (m)U(T,~T))

In the last expression I've gone back to implying the [ subscripts on the interac-
tion picture fields. In observing that the big underbraced product is time ordered we
are appealing to the Dyson formula for the interaction-picture evolution operators,
e.q. Ur(t,t') =T <e*iftt’ dt"v(t”)) — 50 it ¢s a sum of time-ordered products, evaluated
between the times in the argument. Notice that I did something slippery in the first
step by combining the factors into one big limit; this is OK if each factor converges
separately.

What’s the denominator? The norm of the vacuum is one, but we can assemble it

from these ingredients (3.13):

L= Q) = lim (e PR 0[) ) 70| U(T 1)Uk, ~T) [0)

T—o00(1—ie)

—U(T\-T)

Therefore

O1T (ota)oty)e w4V o)
G(Q)(x7 y) = lim T
T—roo(1—ie) o T <6fif,T dt’V(t’)> 10)

[End of Lecture 9]

The same methods give the analogous formula for G (x; ---z,) for any number
of any local operators. Now we can immediately perturbate to our hearts’ content
by expanding the exponentials. Let’s do some examples, then I will comment on the
familiarity of the prescription for 7', and we will see that the denominator is our friend
because it cancels annoying (disconnected) contributions in the numerator.

Examples. For V = %gb‘l, let’s study the numerator of G®(z,y) in the first few
orders of A:

G2 () = (O] T (#lx)o(y)e ™t =400 ) |o)
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— O To@ow) o)+ 5 [ dd“zwrT<¢<x>¢<y>¢<z>¢<z>¢<z>¢<z>>ro>+0<v>

—Ar-y)+ o [d (3¢< >¢ SVND00) + 4 3000)0N60)ONI1000) ) +

_ N Q—J + (%)

The O(\?) contribution is

5 IV [ 01T (@)oot ol)") 0

With ten fields, there will be five propagators in each diagram. The ingredients which

% 4
we must connect together are: : )( . The answer is
Ty X

(=50 88— () (LR 00 S L+ o

For example,

up to the symmetry factor.

Feynman rules for ¢* theory in position space. The set of diagrams is made
by drawing external vertices for each x;, and n internal vertices, and connecting them
in all possible ways with propagators,

{diagrams} = {A} = {A U {A }U---

where A,, gives contributions proportional to \™. Then the associated amplitude is
M and the Green’s function is G (z - --x,) = doaMa. To get My,

e Put a —i) [ d*™z, for each vertex )( (notice no ).

B -1“.,
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e Put a Ap(y; — y;) for each propagator Y 54 where y may be an

internal point x; or an internal point z,.

e Multiply by the symmetry factor s(A). The symmetry factor is defined to be
s(A) = |Aut(A)|7!, the inverse of the order of the automorphism group of the
diagram. Symmetries of the diagram mean that the sum over contractions fails
to completely cancel Dyson’s wretched % For example:

1

s (—8) = 3—; s(Q_):%43—2

Do not get hung up on this right now.

Let’s do the numerator of G through order A2:

O\ : + l ‘

o0 (=8¢ (N9)+ (Xg) *+ (=) +X

Notice that only the last term here is “fully connected” in the sense that you can’t
divide the diagram up into disjoint pieces without cutting propagators. The other
diagrams follow a simple pattern: the first three are obtained from the O(\°) diagrams
by multiplying by a figure-eight bubble. The second set is obtained by mutiplying
G(()2) . GEQ), where G denotes the order-\™ fully-connected contribution to G™.

(:%)1'.._ +(=R)+.. +(‘—_9:8’j+ +(XR)
IR

O(\?) :

(3.14)
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Here’s an easy one: G™ = 0 when n is odd. Technically, we can see this from the
fact that there is always a ¢ left over after all contractions, and (0|¢|0) = 0. Slightly
more deeply, this is because of the ¢ — —¢ symmetry.

The exponentiation of the disconnected diagrams. [Peskin page 96] There
are some patterns in these sums of diagrams to which it behooves us to attend. (The
following discussion transcends the ¢* example.) The general diagram has the form:

A a
W

Only some of the components are attached to the external legs; for a given diagram
A, call the factor associated with these components A, (note that A, need not be fully
connected). The rest of the diagram is made of a pile of ‘bubbles’ of various types V;
(each one internally connected) and multiplicities n; (e.g. V4 could be a figure eight,
and there could be n; = 2 of them, as in the second term indicated in (3.14)). These
bubbles (or ‘vacuum bubbles’) would be there even if we didn’t have any external lines,
and they would have the same value; they are describing the fluctuations intrinsic to
the vacuum. The amplitude associated with the general diagram is then

ni no n,
i Ve

nl! ng! na!

My =My, -

where the n;! factors are the most important appearance of symmetry factors: they
count the number of ways to permute the identical copies of V; amongst themselves.

The numerator of G is then

Gl(lrlll)merator = <0‘ T <¢1 T '¢n€_ifv> |0> - ZMA = ZMAC Z ‘/171'1 . ‘/2712 e V‘:ﬂ

" y Poyr’t ny! ng! Ng!
= ZMAC.evl .eVQ...eVa
Ac
=) My (3.15)
Ac

— the bubbles always exponentiate to give the same factor of e2:"i, independant of
the external data in GG. In particular, consider the case of n = 0, where there are no
external lines and hence no A.:

Glihmerator = (0] Te TV [0) = 1+ X0V

numerator
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But we care about this because it is the denominator of the actual Green’s function:

<O| T <¢1 T ¢n67ifv) |O> GI(I?I)IHBI'&(ZOI‘

numerator

an —

And with that we can forget all about the bubbles. So for example,

W= _ .90 .00 . _9& + - <+
N == GRS I SR §

Notice that in this manipulation (3.16) we are adding terms of many orders in
perturbation theory in the coupling A. If we want an answer to a fixed order in A\, we
can regard anything of higher order as zero, so for example, it makes perfect sense to
write

e (1+8488+4--9) eV

2 _ Ne e o = e 1O,
¢ A 888ty oW e ey toW +HOM)

(I only drew one kind of bubble in the previous expression since that one was easy to
type.)
Momentum space Green’s functions from Feynman diagrams. In translation-

invariant problems, things are usually a little nicer in momentum space. Let’s think
about

=1

Again, this an off-shell Green’s function, a function of general p, not necessarily
2

p? = m?. It will, however, vanish unless >, p/' = 0 by translation invariance. Con-
sider a fully-connected contribution to it, at order A\V. (Well get the others by
multiplying these bits.) In ¢* theory, we need to make a diagram by connecting
n external position vertices x; to N 4-valent vertices z, using Feynman propagators
Ap(ya —yp) = fderque’i(yA’yB)q’“m. Since each propagator has two ends, the
number of internal lines (by the fully-connected assumption) is

~ #ofendsoflines n+4N n

N; = — +2N.
! 2 9 5 T

The associated amplitude is then

Np
Agc — /derlxl . derlxnefiZiPmi(_i)\)N . S(FC) / derlz1 . / derlZN H /dd+1q7.€i(yAyB)
r=1
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For example, consider the particular contribution with n = 4 external legs and N = 2
interaction vertices:

Notice that we are doing a silly thing here of labelling the momenta of the external
lines (the first n momenta ¢;—;_,). Here’s why it’s silly: Look at the integral over
x1. Where is the dependence on z7? There is the external factor of e 1¥1 that
we put to do the Fourier transform, and there is the propagator taking x; to 2z,

Ap(x) —2) = fddﬂqle_i(xl_zl)‘“m. So the integral over
1

/dd“xleizl(mql) = 5d+1(171 —q)

just sets p; = ¢, and eats the [ d%1g,. The same thing happens for each external line,
and reduces the number of momentum integrals to N; — n.

Where is the dependence on z57

/dd+122 o i2(as+atastas) 5d+1(q3 +qs+ a5+ Gs)).

Similarly, the z; dependence is all in the exponentials:

/dd+12’1 e—izl(—qs—Q4+Q1+q2) = 6d+1(q3 +q1—q1 — qQ))'

These two factors combine to set ¢; + ¢ = ¢3 + @1 = —¢5 — g¢: momentum is conserved
at the vertices. Notice that in the example ¢5 — ¢ is not determined.

Each internal vertex reduces the number of undetermined momenta by one, except
one combination is already fixed by overall momentum conservation so we have left

Nf—n—(N—l):N—g—i-l

momentum integrals. This number is > 0 for fully connected diagrams, and it is the
number of loops in the diagram. (This counting is the same as in a Kirchoft’s law
resistor network problem.) In the example, N, =2 — 2+ 1 = 1 which agrees with one
undetermined momentum integral.

[End of Lecture 10]
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In practice now, we need not introduce all those extra ¢s. Label the external lines
by p1 - - - pn, and the loop momenta by k., = 1..N. In the example, we might do it
(] k. ?’

like this: for which the amplitude is
ks f|+PL
P

Nr

Arclp) = ()Y s(FOR (Y ) / [ a1

loops,a=1 lines,r
:>(:'><x. (_’A) d+1 Z ﬁ /dd+1 i i
2! — D —m?2 +ie (p1 + p2 + k)2 —m? +ie

(You might notice that the integral over k is in fact formally infinite, since at large

qr—m2+1e

k it goes like ~ log(A). Try to postpone that worry.) For now, let’s celebrate
my successful predlctlon, for this particular graph, that there would be poles when the
external particles are on-shell, p? = m?. (It would be more correct to call it Lehmann,
Symanzik and Zimmerman’s successful prediction.)

The whole two point function in momentum space is then (through order A\?) :

e S S Q Q % + O

Me=t ,mh

(3.17)
I draw the blue dots to emphasize the external propagators. So here are the momentum
space Feynman rules for Green’s function in ¢* theory:

e An internal line is — = p2—ni’LQ+ie = Ar(p). Notice that since Ap(z —y) =

Ap(y — z), the choice of how we orient the lines is not so fateful.

e An external line at fixed position, «=—=— = e P* More generally, external
vertices are associated with the wavefunctions of the states we are inserting; here

they are plane waves.

T T .
e An internal vertex gives ><a s (—iA) [t zeminir = (—iA)ﬁdH(ZipiL
T By

momentum conservation at each vertex. So, set . p; = 0 at each vertex (I've as-
sumed the arrows are all pointing toward the vertex). After imposing momentum
conservation, the remaining consequence of the vertex is

)( — -
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e Integrate over the loop momenta Hgild‘iﬂqa for each undetermined momentum
variable. There is one for each loop in the diagram. You should think of these
integrals as just like the Feynman path integral: if there is more than one way
to get from here to there, we should sum over the amplitudes.

e Multiply by the wretched symmetry factor s(A).
e For G (p), multiply by an overall 5d+1(z p) in each diagram.

Comment on 7' — oo(1 — ie). What happened to the limit on 77 It’s hidden in
the integrals over the vertices:
A i) L iy d0d4y o i (S-S 77)) .
T—o0(1—ie)
One end of the integral 2 = o0 is going to be infinite unless Y, p?2% € iR, in which
case it just oscillates. This seems scary. We can make ourselves feel better about it if
we just replace every p° with p°(1 + ie) for some infinitesimal e. This means that the

L~

R —~0a+
integrals will look like: - __\;, ‘ e That is:
Wg—i¢
if we use the Feynman contour for every propagator
: i
Arp(z) = dHlpe e —
o) /cF P P T e

with ep = € then this problem goes away.

The factors of T give another perspective on the exponentiation of the vacuum
bubbles. Consider the diagram:

[

eJ
ALK Oty =TT [0
Py

The two delta functions come from the integrals over z; 5, and we can restore sense by
remembering this:

<5d+1(p1 +p2)>2 = (5d+1(p1 + p2) /dd+12’2 = 5d+1(p1 +p2)2TV

where V' is the volume of space. This factor arises because this process can happen
anywhere, anytime. There is one such factor for each connected component of a col-
lection of vacuum bubbles. But the free energy o log Z = log G(©) should be extensive,
o VT. Therefore, the vacuum bubbles must exponentiate.
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3.5 Interlude: old-fashioned perturbation theory

[Schwartz, chapter 4] I want to take a brief break from the inexorable building of
theoretical machines to demonstrate some virtues of those machines. It will explain
what I was really mumbling about when I said that the Feynman propagator involves
antiparticles going backwards in time.

Consider a system which is a small perturbation of a solvable system H = Hy +
V. Suppose that the initial system Hy has a continuous spectrum, so that there are
eigenstates at every nearby energy. Then given an eigenstate of Hy, Hy |p) = E |p), we
expect an eigenstate of H with the same energy H |¢)) = E |¢). Palpating the previous
equation appropriately gives
1
) = |s0>+—E_HOJrie

=II

Vi)

(the Lippmann-Schwinger equation). This represents the perturbed eigenstate as the
free one plus a scattering term, in terms of the ‘propagator’ Il. The ie is a safety factor
which helps us negotiate the fact that F — Hj is not actually invertible. To write this
entirely in terms of the known free state |p), iterate. Let V' [¢p) = T'|¢) where T is the
transfer matrix:

[¥) = le) + T |g) .

Now act on both sides with V' to get V' |[¢)) = T |p) = V |p) + VIIT |p), which is true
for any ¢ so

1
T = V+VIT = V+VI(V+VIT) = V+VIV+VIVAVIVIIV 4 - - = ( — vn) 1%

Given a complete set of eigenstates of Hy, with > . |¢;) (@i = 1,

Ty = (ps T'lei) = Vi + VI ()Vii + Vi I1(5) VielL(E) Vi + - -
where Vy; = (¢f| V' |¢:) gives the first Born approximation, and II(j) = E+&, and
E = E; = Iy, energy is conserved. ‘

For a vivid example, consider the mediation of a force by a boson field. Let

V= %e/ddx\lle(:p)gzﬁ(x)@e(x)

where ‘¢’ is for ‘photon’ and ‘e’ is for ‘electron’ but we’ve omitted spin and polarization
information, and got the statistics of the electron wrong, for simplicity. Consider the
free eigenstates [i) = |p1,p2) . (f| = (D5, P4l Then

1
f \J,C./—’_; fEi—En +
=0
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What are the possible intermediate states |n)? It has to be two e and one ¢, as in
the following visualization (not a Feynman diagram in the sense we’ve been discussing):

f‘ \P/« b \/ '

]

v

R

Time goes to the left, as always. You see that there are two classes of possibilities:
|nR) = |P3, PyiP2) » |na) = |P1: Py, pa). Consider them from the point of view of particle
2. In the first (R) case, ey feels a photon emitted by particle 1, after the emission
happens:

VI = (0°, 0y, 0°| V Ip1.p2) = (0%, 4| V |p1) (p2|p2)
——

B g/ddx (" 9| Te(2)o(@)Te(2) |p") = g/dd“fw 6(x) [0) (o] ¥(@)* p!)
=eTPT geiFy—p1)e
— eﬁd(ﬁl — D3 — D) (318)

— momentum is conserved. Note that energy is not, F; # E,, (or else the denominator
is zero).

The other possibility is |na) = |p1;p,,pa), which means e, feels the effects of a
photon it emitted, which is later absorbed by e; (I!). [End of Lecture 11]

VA = (p'p, |V |p?) = b (5o — Iu — 7).

Altogether, to leading nonzero order,

1 d d e
Ty = Z anﬁvm = Z /ddpw(g (p1 —ps —py)8 (P2 — pa +py)ﬁ.
n i n n=R.A i n

2

A bit of kinematics: let the ¢ have mass m., so for a given p,, B, = /|p,[? + m2.

Notice that these are real particles, they satisfy the equations of motion. For the R
case, the intermediate energy is

Ef:E3+E$+E2:E3+\/|ﬁ1—ﬁ3|2+m3
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SO
Ei—Ef=E +E,— (Es+El + Ey)=E, — E;— E' = —AE - E,

where AE = E3 — Ey = E, — F5 (by overall energy conservation). Momentum conser-
vation means py — py = p1 — P3 SO

B = \JI5 = 52+ m2 = \[15 — 5>+ m2 = EF = B,

Therefore
E,— E}!=AE - E,.

The sum of these factors is

Z e? B e? n e? B ZELYe2 _og e
S b, — E, -AE—-FE, AF-E, AE? — E% Tk2 — m?y‘

2

Here we defined k* = (AE, p,)*, and k* = k,k* is a Lorentz-invariant inner product.
Ignoring the normalization factor 2E,, this is the Lorentz-invariant momentum-space
propagator for the ¢ particle with four-momentum k*. Notice that there is no actual
particle with that four-momentum! It is a superposition of a real particle going forward
in time and its (also real) antiparticle going backward in time. If we followed the ie
that would work out, too, to give the Feynman propagator.

3.6 From correlation functions to the S matrix

Now we resume our inexorable progress towards observable physics (such as cross sec-
tions and lifetimes). We would like to unpack the physics contained in the correlation
functions which we’ve learned to compute in perturbation theory. The first interesting
one is the two-point function.

Recall our expression for the momentum-space two-point function (3.17) in terms
of a sum of connected diagrams, ordered by the number of powers of A\. Let’s factor
out the overall delta function by writing:

GO (prp2) = 7 (1 + p2) G (py).
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It will be useful to re-organize this sum, in the following way:

i
:

L

+
: B0 .+
o— —
[ — + +
-
Ty __(ﬁ_‘
e +
+ 9_@_@—@
+

Here’s the pattern: we define a diagram to be one-particle irreducible (1P1) if it cannot
be disconnected by cutting through a single internal propagator. So for example,

’QL is 1PI, but _Qi is not; rather, the latter contributes to the bit with two

1PI insertions. Then

So that we may write equations without pictures, let

~iN(p) =

denote the 1PI two-point function. ¥ being 1PI means that the external lines sticking
out of it are ‘nubbins,” placeholders where propagators may be attached. That’s why
there are no blue dots at the ends.

Now suppose we know . It is known as the self-energy, for reasons we will see
next. Then we can write

GOy — L s i L i) i)y —
(p) p2—m3+p2—mg( i (p))p2—mg+p2—mg( i (p))p2_m3( i (p))p2_m3
_ PR 2+
- pP—md pP—m§  \p?—mp
i 1 i
_ _ 3.19
pz—m21—p2_¢m% p* —mi — X(p) ( )

We see that the self-energy shifts the m? of the particle, it moves the location of the
pole in the propagator. In the interacting theory, m2 + X(p)|,or is the physical mass,
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while mg (what we’ve been calling m until just now) is deprecatingly called the ‘bare
mass’. For p? ~ m?, we will write

6O = (2

P g—— + regular bits) (3.20)
This equation defines the residue Z which is called the ‘wavefunction renormalization
factor’. It is 1 in the free theory, and represents the amplitude for the field to create
a particle, and the other terms, which are not singular at p?> = m?, represent the
amplitude for the field to do something else (such as create multiparticle states), and
are absent in the free theory. Later (in 215C?) we will see that unitarity requires Z < 1.
Notice that if we know 3 only to some order in perturbation theory, then (3.19) is still
true, up to corrections at higher order.

The notion of 1PI extends to diagrams for G">2 (p; ---p,). Let

Gpr (1 p)

where the blob indicates the sum over all 1PI diagrams with n external nubbins (notice
that these do not have the blue circles that were present before). This means G1p;
does not include diagrams like:

&)

or

Notice that 1PI diagrams are amputated — their external limbs have been cut off.

This is almost what we need to make S-matrix elements. If we multiply the n-

2 2
point function by [, & \/; we cancel out the propagators from the external legs.

This object is naturally called the amputated n-point function. It differs from the 1PI

n-point Green’s function because of diagrams like this:
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which is amputated but not 1PIL. If we then take p? — m?, we keep only the part of G
which is singular on the mass-shell. And here’s why we care about that:

Claim (the LSZ reduction formula):

- S ntm P2 _m2\ .
5502 e mlST - F) = T im 222 ) G0 (=
a B,

a=1

(3.21)

where P, € {p;,k;}. In words: the S-matrix elements are obtained from Green’s
functions by amputating the external legs, and putting the momenta on-shell. Notice
that choosing all the final momenta p; different from all the initial momenta k; goes a
long way towards eliminating diagrams which are not fully connected.

This formula provides the bridge from time-ordered Green’s functions (which we
know how to compute in perturbation theory now) and the S-matrix, which collects
probability amplitudes for things to happen to particles, in terms of which we may
compute cross sections and lifetimes. Let us spend just another moment inspecting the
construction of this fine conveyance.

Why is LSZ true? Here’s the argument I've found which best combines concision
and truthiness. [It is mainly from the nice book by Maggiore; I also like Schwartz’
chapter 5; Peskin’s argument is in section 4.6.] The argument has several steps. The
field operators in this discussion are all in Heisenberg picture.

1. First, for a free field, the mode expansion implies that we can extract the ladder
operators by:

AV4 Zwkak = l/ddl’ eikx (_iwk + 80) Qbfree(x)

\/kaa,t = —i/ddx e R (Hiwy, 4+ Do) Prree () (3.22)
Notice that the LHS is independent of time, but the integrand of the RHS is not.

2. Now, recall our brontosaurus expedient (introduced previously after (3.7)): turn
the interactions off at ¢ = 4+00.'® This allows us to write the field in terms of
some pretend free fields

t~>’\:_)oo Z% .
o(z) {t—ij;oo Z;z ifi)

18Here’s why this is really bad: everything we might scatter is a boundstate. For example: atoms,
nuclei, nucleons etc... But if there are no interactions there are no boundstates.
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The factors of v/Z are required to get the correct two point functions (3.20) near
the mass shell. The mode operators for ¢, are called a(™ etc. ®in, out are free
fields: their full hamiltonian is Hy. They are in Heisenberg picture, and the
reference time for ¢, ou is £00 respectively. Since they are free fields, we can
use (3.22) to write

V2ora ™t = —j / dlz e R (4iwy, 4 0p) dim(x) = =122 / d?z e7* (4iwy, 4+ 9p) ()
t——o0

where in the second step we used the independence on time in (3.22), even though
¢(x) is not a free field.

3. Now make this expression covariant using the fundamental theorem of calculus:

2oy, (a1t — gm0ty — 77172 / dto, ( / d'z e (iwy, + Op) Cb(ﬂf))

_ iZ_1/2/dd+1(L’ €_ik$ag¢— ¢ . ag e—ikum“
———
(62_m2)67ikz
B 7172 / d" e (O 4+ m?) ¢(z) (3.23)
In the last step we made a promise to only use wavepackets for external states,
so that we can do IBP in space.

4. Now, here’s where the S-matrix enters. Assume none of the incoming momenta
k; is the same as any outgoing momentum p;.

= (0] HaO“tSH it 0)
_ O 7 (TLags L") 10)
_ (ka (H a (afif — ") ﬁa}:*) 0)
;
(27 iZl/Q/dd“:ne”“””1 (o7 (H ad™S (O +m?) ¢ Ha‘“*)
= iz / d e (O 4+ m?) (0] T (H aguthb(xl)H m*) 0) +

2

In the last step, X comes from where the O, hits the time ordering symbol. This
gives terms which will not matter when we take k2 — m?, I promise.

73



5. Now do this for every particle to get

(- pal STky -+ k) = [T, [ A% y; e 2712 (0 4+ m?)
[T, [ d™ ey e Z712 (0 +m?) (0] To(x) - o(y;)S [0) + X

The x and y integrals are just fourier transforms, and this says that near the
mass shell,

n+m .
- vz
GO (kg -, =1 — Pp) = | | F (p1---pn| S |ky - k) + regular

(where P, € {pj;, k;}) which is the same as (3.21).

Comment: In our discussion of QFT, a special role has been played by fields called
¢. Suppose we have some other (say hermitian) local operator O such that

(p] O(2) Q) = Zoe™™

where (p| is a one-particle state made by our friend ¢ (we could put some labels, e.g. for
spin or polarization or flavor, on both the operator and the state, but let’s not). Such
an O is called an ‘interpolating field’ or ‘interpolating operator’. And suppose we have
information about the correlation functions of O:

G (1-+-n) = (Q T (Os(1) -+ On()) 1)
There is a more general statement of LSZ:

Haei <Z;1/2ifdd+1xa€_ipaxa (Da + mg))
[y (2 % [ et (o, +m3)) GE(1--+n)
= {ps} SH{pa}) (3.24)

—00

This more general statement follows as above if we can write O, =3 Ly Gin.

Here is a summary of the long logical route connecting Feynman diagrams to mea-
surable quantities:
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4
7, Ta

Final state phase space,
S state normalization
£

T LSZ

G = <alT (94,9, 0
T-ao(-i€),
Feynman contour

<olT(44¢9¢ e IV )ie>

Wick,
exponentiation of

vacuum bubbles
H -+ X

One step is left.

[End of Lecture 12]
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S-matrix from Feynman diagrams. The end result of the previous discussion is
a prescription to compute S-matrix elements from Feynman diagrams. In a translation-
invariant system, the S matrix always has a delta function outside of it. Also we are
not so interested in the diagonal elements of the S matrix where nothing happens. So
more useful than the S matrix itself are the scattering amplitudes M defined by

(F1(S =) |i) = (2m)*1 60 (pr - Zm) iMy; . (3.25)
f i

(The object iMﬁdH(Z p) is sometimes called the transfer matrix. The i is a conven-
tion.)

The rules for the Feynman diagram calculation of M (for ¢* theory, as a represen-
tative example) are:

1. Draw all amputated diagrams with appropriate external nubbins for the initial
and final states. For a diagram with Ny loops think of Ny letters that are like k
or g or p to call the undetermined loop momenta.

2. For each vertex, impose momentum conservation and multiply by the coupling
(—iM).

3. For each internal line, put a propagator.

4. For each loop, integrate over the associated momentum [ a1,

A comment about rule 1: For tree-level diagrams (diagrams with no loops), ‘am-
putate’ just means leave off the propagators for the external lines. More generally, it

means leave off the resummed propagator (3.19). In particular, a diagram like >X

is already included by using the correct Z and the correct m.

Example: snucleon scattering. [Here we follow Tong §3.5 very closely| Let’s
return to the example with a complex scalar field ® and a real scalar field ¢ with
Lagrangian (3.8). Relative to ¢* theory, the differences are: we have two kinds of
propagators, one of which is oriented, and instead of a 4-point vertex which costs —il,
we have a 3-point vertex for ¢p®*® which costs —ig.

Let’s consider 2 — 2 scattering of ® particles [recall HW 5 or see Tong §3.3.3 for
the artisanal version of this calculation], so

(i) = |7, o), 1 f) = P ) with |5, 7)) = /2B, /2B bl bl [0).
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The Feynman rules above give, to leading nonzero order,

s . ¢

:(_ig)2<(p1 ) M2+1€+(p1 pa)? — M2 +i >

(3.26)

The diagrams depict two ‘snucleons’ ® (solid lines with arrows indicating snucleons
versus antisnucleons) exchanging a meson ¢ (double gray line, with no arrow) with
momentum k = p; — p3 = pe — py (first term) or k = p; — py = pa — p3 (second term).
Time goes to the left as always. Notice that here I am being careful about using arrows
on the lines to indicate flow of particle number through the diagram, while the extra
(light blue) arrows indicate momentum flow.

The meson in these diagrams is virtual, or off-shell, in the sense that it does not
satisfy its equation of motion k* # M?2. As we saw in 3.5, each of these diagrams is
actually the sum of retarded and advanced exchange of real on-shell particles. The two
diagrams included in (3.26) make the amplitude symmetric under interchanging the
two particles in the initial or final state, as it must be because they are indistinguishable
bosons.

Two more examples with the same ingredients are useful for comparison If we
instead scatter a snucleon and an anti-snucleon, so |i) = \/2Eg, /2Ep2 5 m , then

the leading diagrams are

. o i i
( ) ((p1 —|—p2)2—M2—|—16 (p1 — ) — M?2 +ie

This one has a new ingredient: in the first diagram, the meson momentum is & = p;+po,

(3.27)

which can be on-shell, and the ie matters. This will produce a big bump, a resonance,
in the answer as a function of the incoming center-of-mass energy /s = \/(p1 + p2)?.
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Finally, we can scatter a meson and a snucleon:

\ X

iM =

:(—mf< - + _ ). (3.28)
(p+k)—m2+ie (p—K) —m?+ie
Now the intermediate state is a snucleon.

There is a common notation for the Lorentz-invariant combinations of the momenta
appearing in these various processes, called Mandelstam variables, of which s is one.
A concise summary appears in §3.5.1 of Tong’s notes.

3.7 From the S-matrix to observable physics

Now, finally, we extract some physics that can be measured from all the machinery
we've built.

Mediation of forces. Consider the non-relativistic (NR) limit of the snucleon-

snucleon scattering amplitude (3.26). In the center-of-mass frame p'= p; = —p, and
2

p = psy = —ps. In the NR limit, [p] < m, and so p{ = m(1 + 1 <%) + 1),

Energy-momentum conservation says p; + ps = p3 + p4, so |p/| = |p] < m as well.

In this limit, the meson propagator (in the first diagram) depends on (p; — p3)? =
(P —p)? — (p—p)* = —(p—p')? so the amplitude reduces to

1 1
iM = +ig? ( - 5 + — 5 ) .
P=p) M (p+p) —M?
Now compare to NR QM. The scattering amplitude in the COM frame for two particles
with relative position 7 and potential U(7) is, in the first Born approximation,

i./4Born(ﬁ)_> ﬁ) = NR <ﬁ| U(F) ‘@NR = — /ddrU(f’)ei(ﬁﬁ)'F

where the two-particle state with NR normalization is

1 1
’@NR - m \pl,p2> = % |p1,P2> .

19Please beware my signs here; thanks to Ken Intriligator for pointing out a problem here.
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The two diagrams in the relativistic answer come from Bose statistics, which means we

can’t distinguish p'— £p’ from each other; to infer the potential we can just compare

1

the first diagram, (2m)2iAB0rn(ﬁ—> ﬁ) = +ig2(17—p7)—2—]\/[2

/ddr U(7)e 177 = _ /ddq/\/l(q)ei‘ﬁ =—

which means, in d = 3,%

(%)2 —Mr‘

e
Arr

U = -

to find:
2
(5%)
(F—7) + M?

This is the Yukawa potential. (You encountered this potential on the homework, for

the same reason, by a different approach.) It has a range, M !, determined by the
mass of the exchanged particle. If we take M — 0, it becomes the Coulomb potential.

The sign means that it is attractive, even though this is the potential between particle

and particle; this is a general consequence of scalar exchange. Notice that in d = 3,
the Yukawa coupling between scalars has 1 = [[ d*zgp®?] = —4 + 3 + [g] so g/m is

dimensionless.

A brief warning: while it is satisfying to make contact with something familiar

here, the way we actually measure any such potential is by scattering the particles and

measuring cross-sections.

20For convenience, here’s the integral:

[End of Lecture 13]
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Lifetimes. [Schwartz, chapter 4] How do we compute the lifetime of an unstable
particle in QFT? Consider such a particle in its rest frame, p* = (M, 0)*. Let dP be
the probability that the particle decays (into some set of final states f) during a time
T. The decay rate is then dI' = LdP, the probability per unit time. I put a dI' to
indicate a differential decay rate into some particular set of final states. If we sum over
all possible final states, we can make a practical, frequentist definition of the decay
rate, with the idea that we have a big pile of particles and we just count how many go
away in some time window:

r= # of decays per unit time

1
- 3.29
# of particles T ( )

where 7 is the lifetime.

Fortunately for us, particles which are stable in the free theory can decay because
of weak interactions; in such a case, we can relate dP to an S matrix element for a

process which takes one particle to n particles, S, 1 ({pj Fioy = (M, 6)) So:

A2
ir = Lqp = LIS

=T (1 aly ™ (840

Here are two new ingredients:

(1) dlly is the volume of the region of final-state phase space, dll; o H;;lddpj. We
are allowing, as we must, for imperfect measurements. We will normalize the
density of final states so that [dII = 1. Putting back the IR and UV walls of
our padded room as in (1.3), we take the continuum limit (N — oo) of

1 ;21

N

which requires, for each spatial dimension,

L N— o0, Lfixed 1 1 27 N—o0,Lfixed
A = — ~> der =L and —A = —— ~ dp=L"".
R e O [
This gives
dil = [ [ va‘p;,
j=1

a factor of the volume of space V = L? for each final-state particle.

(2) The normalization factors (f|f) (i|i) are not so innocent as they look, because of
our relativistic state normalization. Recall that |p) = 2(«023'3;‘0) the price for
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https://www.youtube.com/watch?v=ZxeiY5kXz8Y

the relativistic invariance of which is

-,

=, d .
<k:|p> =/ 2wi2wy - (0] aka; 0)  =2wz (p—k)
v .
=(0/[ay,a}][0)=¢" (E—p)
Therefore,
d

(plp) = 2w,;5d(0) = 2wy (/ dx ei(po)“) = 2w, V.

Therefore,
i) = v2Mal |0)
|f) =K

=
—

(1) =] (2w;V) (3.31)

where I've abbreviated w; = wy;.

Now it is time to square the quantum amplitude
. . gd+1 .
(fIS = Wiy =i (pr) (f] M i)

(pr = > pi—Y_ pys is the total momentum change) to get the probability (3.30). Again
we encounter a 62, and again we use (27)?1§91(0) = TV, so as long as f # i, we have

(1S = W) i) [2 = 8778 (po)| (FI M [i) 2 = VTE (pr) | M2

so that

1

4P = TV (pr )2]\/[1"[7?(2%-‘/)

IMPT] v,
J
T
—M\M|2dﬂu (3.32)

where all the factors of V' went away (!), and

ddp‘ d+1
dllpr = H —]5 (pT)
. alj
final state,j
is a Lorentz-invariant measure on the allowed final-state phase space. You can see that
this is the case by the same calculation that led us to stick those 2w;s in the states.

One more step to physics:

1T
d :_dP_TWW\/”QdHLI |./\/l|2 _dHLI

dynamlcs
kinematics
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1
dF - |M|2WdHLI .

On the RHS is all stuff we know how to calculate (recall the Feynman rules for M that
we listed after (3.25)), and on the LHS is a particle decay rate.

The boxed formula gives the decay rate in the rest from of the unstable particle. In
other frames, the lifetime gets time-dilated. This must be true on general grounds of
special relativity, but we can see this directly since in a general frame, the normalization

of the initial state is not (i|7) = /2m but (i|[i) = V2E. Therefore

rest frame

l“rest frame B E B <1
r T =

and 7 = 7_rest frame/,y > 7_rest frame

Cross sections. If we are not in the convenient situation of having in our hands a
big pile of particles which are stable in the free theory and decay because of not-too-
strong interactions, we need to be more proactive to get physics to come out: we have to
smash the particles together. When doing this, we send beams of particles at each other
and see what comes out. We will treat these beams as perfectly collimated momentum
eigenstates; if something goes wrong, we’ll make a more accurate representation and put
them in better-localized wavepackets. A quantity which is good because it is intrinsic
to the particles composing the beams is the scattering cross section, o, defined by

NasNp
A

Number of events of interest = o

where A is the common area of overlap of the beams A and B, and N4 p are the
number of particles in each beam. @?\&% (Peskin does a bit more
Jr

worrying at this point, for example, about whether the beams have constant density
of particles.) By ‘events of interest’ I mean for example those particles which end up
going in a particular direction, for example in a solid angle d€2(6,¢). Restricting to

events of interest in particular direction gives the differential cross section, j—g. The
. . . . _ d

notation is motivated by the idea that o = [ dQ29g.

The cross-section is the effective cross-sectional area of the N ya

beam taken out of the beam and put into the particular state AN

of interest. Here is a picture (adapated from Schwartz’ book) ivl )
which I think makes vivid the idea behind the definition of

a cross section:

Z

dPy;
T

probability per unit time, for some fixed initial and final particle states. In a beam,

Now we relate o to the S-matrix. The scattering rate dwy; = is the scattering
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this is related to the cross section by
dw = jdo (3.33)

where j is the particle current density, which for the case of scattering from an initial
state with two particles A+ B — ... is

relative velocity of A and B VAR

J= volume TV

The number of particles in each beam does not appear in (3.33) because the BHS is
intensive. Putting together these statements, we can relate the cross section to the
scattering probability:
11 dN V
do = == ——m = —
T] Nincoming T
—_——

=dPy;

1

‘17 —’UB|

dPy;. (3.34)

The first equation in (3.34) is a practical frequentist origin of (3.33), analogous to
(3.29) for decay rates. And just as in the discussion of lifetimes above,

(1S
=

Everything is as before except for the different initial state:

I

i) = |pa, ) = (i) = (2waV)(2wsV).
Squaring the amplitude gives

T 1
dP = M|=dlly; ;
V 2w A2WR Yooy | L
the only d1fference is that we replace s with the factors for the 2-particle initial state.

Finally, do = T |4 = dP gives

1 1
do = - - |M|2dHL[ .
2wA2wp |Ua — Up|

Again all the IR-divergent factors of V' and 7" went away in the intrinsic physical
quantity, as they must.
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3.7.1 Two-body phase space

[Schwartz §5.1] To make the formulae of the previous section more concrete, let’s sim-
plify them for the case of n = 2: two particles in the final state, whose momenta we’ll
call pi, ps. Note that overall momentum conservation implies p; + ps = poar; We can
use this to eliminate py. In that case

a1, d%pdip,

I, = el o

dllzr = § (pT)2E1 2F,
1

1
= S(E1+E,—E d?
4(2m)2d-d+) B\ B, (£1 + Es cum) b1

=dd-1 Qp‘lifldpl

1 A1 Qptdp,
p— 0
4(27T)d71 E1E2 (pl)(S(x)
1 d7 (BB,
p— E - -
120 BB Fow dxd(z) O(Ecpy —my — mg)
=1

In the last step, we used the fact that p; > 0 means E1(p1) > mq, Ea(ps = poy —p1) >

mo.

2 — 2 scattering in d = 3. In the special case where the initial state also consists
of two particles, we can also simplify the formula for the cross section. Let the initial
momenta be k4, kg. In particular, the relative velocity factor is

|UA_UB|COMEé:fEB M—I— ksl| _ el Eoum
Ey, Ek, Ey, By,
Therefore J . i
g D1 2
— = — O(Econ — - ) 3.35

Warning: for identical particles in the final state, one must be careful about over-

counting in the integral over angles, since a rotation by 7 exchanges them. In this case
o=1 f dNde
2 Jag 2Faq-

[End of Lecture 14]
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4 Spinor fields and fermions

[Peskin chapter 3] Now we need to confront the possibility of fields which transform in
more interesting ways under Lorentz transformations. To do so let’s back up a bit.

4.1 More on symmetries in QFT

Lightning summary of group theory. A group G = {g;} is a set of abstract
elements,

1. two of which can be multiplied to give a third g1¢9; € G.
2. The product is associative (g192)93 = g1(9293)
3. and has an identity element gog; = ¢; for all g;

4. and every element has an inverse, Vi, 3g; ' such that g;g; ' = go. (we will need to
worry about distinct left and right inverses).

The order of G, denoted |G|, is the number of elements of the group. G is abelian if
the product is commutative.

A Lie group is a group whose elements depend smoothly on continuous parameters,
g(0). These then provide local coordinates on the group manifold. The dimension
of a Lie group is the number of coordinates (to be distinguished from |G|, which is
continuously infinite for a Lie group).

A (linear) representation R of a group assigns to each abstract element g of the
group a linear operator Dz (g) on some vector space H, R : g — Dg(g) in a way which
respects the group law (it is a group homomorphism): meaning that Dg(g) = 1 and
Dgr(91)Dr(g2) = Dgr(g1g2).2" If we choose a basis of the vector space, then Dg(g) is
a matrix. Two representations R and R’ are regarded as the same R ~ R’ if they are
related by a change of basis on H, Dr(g) = S™'Dg/(g)S (with S independent of g!). A
reducible representation is one for which the matrices can be made block diagonal by
a basis change. A reducible representation is equivalent to Ry @ Ry & ... a direct sum

Dgr, 0

of irreducible representations, Dp ~ | 0 Dk,

1

21Since the overall phase of a vector in # is unphysical, quantum mechanics allows for projective
representations where the group law is only satisfied up to phases. We’ll see an example below.
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The dimension of R is the dimension of H as a vector space. Notice that different
representations of the same group G can have different dimensions!

What properties of G are inherent in all of its representations? For the case of
Lie groups, one answer is the Lie algebra relations. Consider a (say n-dimensional)
representation of a group element near the identity (which let’s label the identity
element gy = e = g(# = 0) by the coordinate value § = 0):

Dgr(g(0 ~0)) = 1+i0,Tp + O(0?), i.e. Tp=—id, Dr(g9(0))|o=0

where T} are the generators of G in the representation R. In a basis for the vector
space, they are n X n matrices.

The generators T determine a basis of the tangent space of
G at the identity, T.G (or equivalently, by the group action,
at any other point). A finite transformation (in the compo-
nent of the Lie group which is continuously connected to the
identity element) can be written as

Dr(g(0)) = ¢

which is unitary if 7 = T°.

Given two such elements Dg(g(6;)) = %7k and Dg(g(6s)) = %7#, their product
must give a third:
ip37a
Dr(91)Dr(g2) = Dr(g1g2) = et (4.1)

for some 6. Expanding the log of the BHS of (4.1) to second order in the fs (see
Maggiore chapter 2.1 for more detail), we learn that we must have

1
Oa = 0c + 02 — 50,0017 + O(6?)

which implies that

70, T = i
which relation is called the Lie algebra g of GG, and the fs are called structure constants
of g or G. f does not depend on the representation. For those of you comfortable
with differential geometry, an easy way to see this is that the commutator is the Lie
bracket between two tangent vectors (which gives another tangent vector). Note that

the normalization of the T is ambiguous, and rescaling T rescales f. A common
convention is to choose an orthonormal basis

1
tr7°T" = 55“”. (4.2)
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Notice that we often use lowercase letters to denote the algebra and uppercase letters
to denote the group, which is natural since the algebra generates small group transfor-
mations. The Lie algebra is defined in the neighborhood of the identity element, but
by conjugating by finite transformations, the tangent space to any point on the group
has the same structure, so it determines the local structure. It doesn’t know about
global, discrete issues, like disconnected components, so different groups can have the
same Lie algebra.

A casimir of the algebra is an operator made from the generators which commutes
with all of them. Acting on an irreducible representation (= one which is not reducible
= irrep), where all the states can be made from each other by the action of products
of generators, it is proportional to the identity.

Example: representations of the rotation group. This will be a fancy pack-
aging of familiar stuff which will make the step to Lorentz transformations painless (I
hope). Recall from QM that generators of rotations about the axes x,y,z = 1,2, 3,
Ji=123 " satisfy the algebra so(3) = su(3):

Ji 3] = ik J*. 4.3
J,

So the structure constants are fi7 = ¢, A Casimir of this algebra is J2 = 3. (J%)?,
which acts of j(j + 1) on the spin-j representation, whose dimension is 2j + 1, any
non-negative integer. A finite rotation on H is

D(n, ) = ¢

where n is a unit vector and 6 is an angle, so three real parameters. Familiar matrix
solutions of (4.3) are its action on vectors, where the generators are 3 x 3 matrices:

i _ s ijk
(J(jzl))jk = iV
and its 2d representation on the Hilbert space of a spin—% object:
J: =—0".
(5=3)

Also, its one-dimensional representation, on a scalar, has ‘](ij:O) =0, so eu=0 = 1.
More generally, the 2j + 1 dimensional representation is Dy;)(0) = e 107" with

(), =0mmm, (J) = (J'£iJ?)  =6wmpV/(GFm)(jEm+1),

with the basis labels taking the 25 + 1 values m,m’ € {—j,—j+1---j—1,j}.

Notice that the rotation algebra (4.3) is the statement that J? itself transforms as
a vector (j = 1) under infinitesimal rotations. What I mean by this is: the action of G
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on H by |[¢)) — Dg|v) implies an action on linear operators on H by O DR(’)DE.
Relabelling the reference axes x,y, z that we used to label J¢ by a rotation ¢ produces
a rotation by the same angle in the 3d representation. The reference axes themselves
transform in the spin-1 representation:

D(jzl) (g)fJ] = DR(g)JkDR(g)Ta

the infinitesimal version of which is (4.3) (or maybe its complex conjugate). More
generally, the equation

[J¢, K9] = iéi* Kk
is the statement that K transforms as a vector.

General d. Some of what I have said so far about rotations is special to rotations
in d = 3. In particular, the notion of “axis of rotation” is (d = 3)-centric. More
generally, a rotation is specified by a (2d) plane of rotation; in d = 3 we can specify a
plane by its normal direction, the one that’s left out, J* = €”*J/* in terms of which
the so(3) lie algebra is (using € identities)

[J7, JH) =i (7% + 6" J7F — 5 — § Y (4.4)
The vector representation is
(V) =1 (0" — o7a) (4.5)

(that is, there is a —i in the ij entry and an i in the ji entry and zeros everywhere
else). In d = 3, the spinor representation is

. 1 i .

JP =er oot = [0 o). 4.6
) = ot = 1ot (4.6
For general d, we can make a spinor representation of dimension k if we find d k x k
matrices ' which satisfy the Clifford algebra {7%,~+7} = 2§% (as the Paulis do). More

on this soon.

Define the group O(d) by its action on the d-dimensional vector representation:

d x d real matrices O preserving lengths of vectors under n; — O;n; : |On|? = In|? =
n'nd&;;,¥n'

O'O =1 or, in a basis, (Ot)ijéjkokl = ;. (4.7)

In words: O(d) transformations preserve the bilinear form §;;. Looking in the connected

component with the identity??, @ = e 1777 (4.7) implies that the generators J,

22For real matrices O'O = 1 says 1 = det O'O = (det ©)?, so det O = +1 gives two disconnected
components. The component with det O = 1 (containing the identity) is called SO(d). The other
component is obtained by multiplying by a diagonal matrix with an odd number of minus signs on
the diagonal.
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1,7 = 1..d satisfy are antisymmetric and pure imaginary. There are d(d-1)

of them, and
a good basis is given by (4.5). This agrees with the d = 3 case above where there are
22 = 3 such generators. These satisfy (4.4).

0 —i

A special case is SO(2) where the one generator is T' = < 0
i

) = o2, and the finite

transformation is

eT = lcos f +io%sin f = ( cos Smﬁ).

—sin 3 cos 3

U(N). Another important example is the Lie group U(N) defined by its N-
dimensional representation as N x N complex unitary matrices I = MTM = MMT.
This one doesn’t arise as a spacetime symmetry, but is crucial in the study of gauge
theory, and already arose as an example of a global symmetry on the homework. We
can generate these M = e 7" by any hermitian N x N matrices T A basis is given
by the following set of generators satisfying (4.2):

1 1
1 1 1
—1 1
lel T2:1 -2 T3:1
2 0 ’ 3 0 ’ 6 -3 ’
0
; . ij\F 1 ik J ik < ij\F i ik J ik < N2 1
fOI’Z?é‘]. (Tx> 125(5 5l+5 5[), (Ty> 125(5 51—5 51), T :\/WHNXN

—N(]g_l) -2+ N = N2 of these. Only the last one has a nonzero

trace. The ones called T}/ and T,/ only have nonzero entries in the ij and ji place,

Altogether there are

and are like o” and o? respectively. A finite transformation is

. . ~N2_ L oN2 2
e—lB“T“ _ 6_12’1:1 I/B“Ta 6—1,BN TN

NG J/

-~

=M :e—iﬁ?\;/\/ﬁ
where the first factor has det M = 1 (since log det M = trlog M = —i 25:21—1 Btr (T*) =
0) and the second is just a phase. The subgroup with det M = 1 is called SU(N). This
shows that U(/V) = SU(V) x U(1).

A special case is SU(2) which has N? — 1 = 2% — 1 = 3 generators, which are 2 x 2
and are T* = 1o Pauli matrices. So SU(2) and SO(3) have the same lie algebra. They

are not the same group, though, since SU(2) is twice as big: a 27 rotation is not the
identity (but squares to it). Half-integer spin representations of SU(2) are projective
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representations of SO(3) — the SO(3) group law is only satisfied up to a phase (in fact,
a sign).

Lorentz group. The Lorentz group can be defined, like O(d) above, as the linear
transformations preserving (proper) lengths of vectors. This implies

n=An\ e n,= (At)“ "N N7 . (4.8)

There are four disconnected components of solutions to this condition. As for O(d),
taking the det of both sides of (4.8) implies that such a matrix has det A = £1; the
two components are called proper and improper Lorentz transformations, respectively.
The pv = 00 component of (4.8) says
2 2 2
I=(A)" -2 ()" = (A) =1

which has two components of solutions, AJ > 1 (orthochronous) and AJ < —1 (not
orthochronous).

Below we will focus on the proper, or-
thochronous component. The other three
components are obtained by multiplying /

one of these by one or both of the follow- T T
ing extra discrete symmetries (whose action / 'SR
1
on (real) vectors is P = ( ) and T detp=1
—li3x3

-1 \
T = ( ) (A warning about time A<=t B\ A, >
]l3><3 l

—>

\1 is in here

reversal: In order to preserve the time evo- | A== - —
lution operator et while reversing ¢ and
preserving the Hamiltonian, the time rever- \

sal transformation 7" must also be accom- T ‘ P

panied by complex conjugation K :i — —i, = - \
and the combined operation 7 =T ® K is
therefore antilinear.)

The identity component is called SO(1,d). More generally O(m,n) is the group of
linear operations preserving the matrix with m —1s and n +1s on the diagonal, which
I will also call ,,,. All the steps leading to the associated algebra (4.4) (and generators
in the m + n dimensional representation (4.5)) are the same as for SO(d) with the
replacement 6;; — 1,,,. We will nevertheless resort to some special features of the case
d = 3 to build representations.

[End of Lecture 15]
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4.2 Representations of the Lorentz group on fields

Consider a Lorentz-invariant field theory of a collection of fields ¢, = (¢1...¢0n, Vo, Ap--+),.-
Together they form a (in general reducible) representation of the Lorentz group

¢r(x) = Drs(A)gs(Az)

where D,s(A) is some matrix representation. So far we know two possibilities: the scalar
(one-dimensional) representation, where D(A) = 1, and the vector (d 4+ 1-dimensional)
representation, where D(A) = Ais a (d+1) x (d+ 1) matrix. (We can also take direct
sums of these to make reducible representations.)

But there are other irreps. To find more, let’s think about the algebra in more
detail by extracting it from the representation on 4-vectors

VH S V= A“yvya A(eaa 5a) = exXp —i0" Tr%t _iﬁa TSOOSt
=Jja =Ka

Let’s find the f? by building the Js and Ks: with the time component first, the matrix

representations are
; 0
J' = A 4.9
“) o

where the 3 x 3 matrix is (J*);, = ie?* and
(K'),, = —id; (4.10)
and other components zero. To check this, consider a boost in the x direction:

L -5 v =B
eV = 1-1BK 1 O(B) = [ -8 1 +O(8%) = | =By +0(5%).
Loyo Lo xo

(4.11)
That is, 6V? = VL6V = BV° §V?3 = 0. The others are related to this one
by a rotation. In (4.11), we only checked the infinitesimal transformation; but this
is enough, by the uniqueness of solutions of linear first-order differential equations:
03\ () = —iK A with initial condition A(S = 0) = 1 has a unique solution, and so our

solution must be the correct one. We’ll use this strategy several times below. **

coshf —sinh g3
23In case you are wondering, the finite transformation is e~ 7% "= [ —sinh B cosh Note
Loxo.

that the parameter § here is the rapidity; it is additive under successive finite boosts, unlike the
velocity (though they agree when infinitesimal sinh 8 = 2 + O(v/c)?.)
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Notice with slight horror that the boost generators are not hermitian, and hence
the finite boost operator is not unitary. This is a symptom of the fact that the Lorentz
group is non-compact (in the sense that its group manifold is not compact: think of
the orbits of rotations on a 4-vector (a sphere, compact), and the orbits of a boost on
a 4-vector (a hyperbola, non-compact)). For (faithful) representations of non-compact
groups, ‘unitary’ and ‘finite-dimensional’ are mutually exclusive.

The commutators of these objects are**
[JE 0] =ik gk [T K] = iedF Kk (4.12)

which are respectively the statements that the rotation and boost generators each
y g
form a vector) and
(K, K9] = —ie* J* (4.13)

which says two boosts commute to a rotation. Notice that these equations are not
changed by the (parity-like) operation K — —K.

Now consider J* = 1 (J+iK ) The observation that K — —K changes nothing

1
2
implies that they satisfy
[T, 1] =0, [JLJi] =ie7* L,

two independent su(2) algebras, which will be called left and right. Formally, we’ve
shown that as algebras over the complex numbers, so(1,3) ~ su(2); x su(2)g. But
we know what the representations of su(2), x su(2)g are! We just have to specify a
representation of each. So we can label states in an irrep by (ji,my,j_,m_) with
my € {—j1 -+ ji}; this has dimension (25, + 1)(2j_ + 1).

Let me emphasize here that we are identifying the possible ways that the Lorentz
group can act on fields, not on the particle excitations of such fields. The resulting
unitaries on the Fock space will come later.

Weyl spinors. Let’s focus on the first nontrivial entry in the table. This is a

2Like we did for O(d), we can slick this up, and generalize to other SO(1,d) by collecting the
generators into an antisymmetric matrix J*” with components J% = ek Jk joi = K* = _ i
(exactly as E, B are collected into F*). This object satisfies the direct analog of (4.4)

LT, 2] =R (P T — (6 )
and the fundamental (d + 1-dimensional vector) representation matrices solving this equation are

(JH) o =i(n"P0l — (1 > v)).
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(J4,7-) dim Preview of physics
(0,0) 1 scalar
(5,0) 2 left-handed Weyl spinor
(0,1) 2 right-handed Weyl spinor
(3.00®(0,)=(3,3) | 2x2=4 4-vector
(3,0)®(0,1) 24+2=4 Dirac spinor (reducible)
(1,0) & (0,1) 3+3=06 | VW =4,V V¥ = V¥ antisymmetric tensor

Table 1: Lorentz representations on fields.

2-component field ¢ = (;pr) on which 2 x 2 Lorentz matrices act as
2

D(1 0)(9’6) _ e—i(ﬁiji-‘rﬂi}(i).

But the fact that it’s a singlet of SU(2)r means that

0=Jy= %(J —iK)"

that is J = iK when acting on v, which says that the nontrivial generators act as
, 1 , 1 , ‘
Jip = §(J+ 1K) = §(J—i— J)p = J.

But we know a 2 x 2 representation of this object: j(l) = %5 and hence K = —i%&.
2
You can check that these satisfy the three relations (4.12), (4.13). Therefore

Do (e*i%9'0*%ﬁ-a)aﬁ¢5 _ (ef%a-(ﬁﬂe))a%ﬁ = M, ).

Notice that this matrix M is an ordinary rotation with a complexified angle; it is
actually an SL(2,C) matrix, a general 2 X 2 complex matrix, with unit determinant.
It is common to call the (3, 0) representation a left-handed (L) Weyl spinor.

For the (0, %) or right-handed representation, y, the same story obtains but now

<J1) . b X = 0 and hence J = —iK. Note the dotted indices to distinguish reps of the
two SU(2)s. Therefore
Yo <e—i%0-o+%ﬁﬂ> 51/)5 _ (6%0.(549)) 8 ‘

[0}

Please don’t get too hung up on dotting the indices, since as we’ll see, there are ways to
turn an L spinor into an R spinor. For example, the parity operation K — —K,J — J
interchanges the two.
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Invariants. In order to write Lorentz-invariant local lagrangians, we need to know
how to make Lorentz-invariant quantities out of products of fields and their derivatives.
For example, given Lorentz vectors V# U*, the object V*U, = V*U"7),, is a Lorentz
scalar (by the defining property of the Lorentz matrices). Can we make a singlet from
two Weyl spinors, (3,0) ® (3,0)? Yes: we know (e.g. from basic QM) that SU(2)
representations combine as %@ % = 0@ 1 where the triplet (spin one) part is symmetric
and the singlet (spin 0) is the antisymmetric combination, 1 — |1. More explicitly,

Valpe™® = 1),E% is a singlet. To see this explicitly:

(i0%)) - ioe 2T 7y,

which means that if ¢, — M,"1s, then

Y = (10 w) o P (e 3 (B+i6)- ) wﬁ( )ga

so ¥*1, is invariant. Notice that on Weyl spinors, we raise and lower indices with
. 01 S ) o . .

€ = (102)a6 = ( ] 0) which is a good idea because it is an invariant tensor, as

we just showed.

The same story holds for the (0, %) “right-handed” Weyl representation, that is we
can make a singlet using an epsilon tensor. It will be useful to write out the matrices:

) i & . ' L(B—ib)-0 & 3 - o
& = ey H( 1(B-i0)0 ) = (6+2(B 0) >B = X* ()7,

Next, we will show that the (3,3) = (3,0) ® (0,3) representation is indeed a 4-
vector. To see why this might be, notice that we just showed that if a left-handed
Weyl spinor transforms as ¢ — M1 then ¢* — M*y* transforms like a right-handed

Weyl spinor.
Introduce the following ‘intertwiners’:

O-Zd = (]lac'w 5:ad)“) 5504 = (Hdaa _6:6111)#

Our next job is to show that these objects eat a L and an R Weyl spinor and spits
out a vector, or vice versa. So for example, I claim that if V}, is a vector then V, 0%,
transforms as (%, 0)® (0, %) And given any two L and R Weyl spinors 9, x, ¥*a". x*V,

is a singlet.
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To summarize: 1

(57 O) = wL = ML’I/}L = e%(_ie_ﬁ)'aw[/

1 .
(0, 5) 3> Yr = Mgy = 6%(_1‘%5)'0@&3

. . ; i\ *
You can see from this expression and o%c'c? = — (0%)" that 0?Mjo? = Mp and

therefore oy} € (0, 3).
Claim: for any &g, ¥r 5}%0“1@3 is a (complex) 4-vector. To see this, first notice
(using o = o) that &l s ehez(H0HA 7 5o

5;0“1/11% — qu\@%Gie%)va“e%(_ie%)'i?ﬁ}%

;A(OwB)HV‘TV

where
A6 By, = (OT+RY

is the vector representation of the Lorentz transformation with rotation 6 and boost
B. To check this, it suffices to check the infinitesimal version (by the uniqueness of

solutions to linear first-order ODEs):
0 <5EU“¢R) = 8¢ho R + Lo Sur
1 oo 1 .
— el (36048 a'or + 0" (048 o ) v

g;f%%gﬁjgjw Lif =0
- f;% B; (ajai + giaj) +ib; (ajai — aiaj) VR Laf =1
—_—— —_——
—2§%J =—2ietikgk

On the other hand, using the form of the vector Lorentz generators (4.9), (4.10), the
transformation of a vector is
B;Vi Lif =0

SVH = (i8: (K7 “V_|_'9. JJ “V VY =
(i85 (K7) i0; ()") {5¢V0—9j€jimvm LAt =1

which is just the form we’ve found.
[End of Lecture 16]

A few more claims and consequences:

e Since the vector representation matrices K, J in (4.9), (4.10) are pure imaginary,
the matrices are real for any 6, 8 and we can impose the reality condition V* =
(V#)* consistent with Lorentz orbits. This is not true of the Weyl spinors by

themselves.
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e Similarly, for any &, ¢ f}&“@/}L is a (complex) 4-vector. Notice that we need to
use the 6*, so that

m
6 (¢homvn) = (~Bielon, Biclvn + il o
e Our explicit calculation was about SLJ“#}R. But we showed that {L transforms
like a xz. So x¢oh,¥% is a vector, too. And x§oh %V, is Lorentz invariant.

e Notice that f;r%@/)R is not Lorentz invariant (even if & = ), it is rather the 0
component of a four-vector. The dotted index can be a bit helpful in reminding

us that wzwL is not a singlet, since if the index on (¢,),, is undotted then (1#2)
has a dotted index.

On the other hand, given an R and an L spinor,
0¢], = &}, (+i0 — B) - 0 /2

the combination f‘sz 1s Lorentz invariant, since
i (1 Lo
5 (shvn) =&l (560=8)-0+5(=i6+8)-0)vn=0. (4.14)

e Two more occasionally-useful facts:

0 3 171 i1/2
V“a#:(v + VeV —iV

IZ T
V4 iy VO—V3> = Mol

Also, det V*o,, = V*V, is Lorentz invariant.

4.3 Spinor lagrangians

Given a Weyl spinor field 1, we’d like to make a local lorentz-invariant lagrangian
of the form L (sz,wj%,aﬂwR,ang). The sort of obvious generalization of the KG

lagrangian i w}% (O + m?) ¢ which transforms like wksz, which is not boost invariant.
On the other hand, the object 1/)}20“1#}3 is a vector, and we can find another index with
which to contract by taking a derivative:

Liveyt = Yo" i0,0r = VRidwr + 157 - (iV) YR
is a nice Lorentz invariant kinetic term. The factor of i is to make i0,, hermitian, so
. IBP .
diveyl =1 (8;%/1;) (0" p = @DLUM@MDR = Lyeyl-
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Notice that we neglected the total derivative 0, (zﬂ%a“w R) which does not change the
equations of motion.

For a left-handed field, the Lorentz-invariant Weyl lagrangian involves 6+ = (1, —d)":
EWeyl(lbL) = @525%8#@%'
What about mass terms? For a single R Weyl field, we could use the € tensor:

Yrioc*Yr + h.c.

is Lorentz invariant. It is not invariant under v¥r — e'%pp, it violates the particle
number. Neutrinos may have such a term, but electrons don’t.

Dirac spinors. To make a particle-number-conserving Lorentz-invariant mass
term, we need one of each L and R, and the Dirac mass pairs them up via the in-
variant wsz + h.c.. We can slick this up, by combining the two 2-component spinors
into one 4-component spinor W:

()= (03)2v=(00)

- 0 1
_ Pt ot 2x2\ _ ;1.0
Wz@@%) ¢(bw 0>:W7.

Then we can package the whole thing beautifully as

Now let

Loiae = Vo Qb+ v]io* s —m (Wabn + vfir ) = ¥ (170, —m) 0

<£ﬁ§). (4.15)

with

fyll
The equations of motion are

oS

0:8_@: (iv"0, —m) ¥ = (i —m) V.

Being explicit about indices, the Dirac equation is 0 = (iv5,0, — mdep) ¥y with a,b =
1..4.

Notice that by dimensional analysis of the kinetic terms, [V] = 3/2, so [m] = 1, so
m is indeed a mass. Its sign has not been fixed (and I will probably mix up m and —m
at various points).
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e The Dirac (or gamma) matrices satisfy the Clifford algebra
{v", 7"} =20,
Any set of four matrices satisfying this equation can be combined to form a 4d
representation of so(1, d) in the form
i

Torae = 717

If you want to see the algebra involved in this statement, see David Tong’s notes.

e The particular basis of gamma matrices we’'ve chosen (4.15) is called the Weyl
basis. It makes the reducibility of the Dirac rep manifest, since the resulting J*”
are block diagonal:

J;w Weyl_basisi 0 ot 0 o¥
Dirac - 4 ot 0 ) g’ 0
_ 1 otg? — o¥at 0
N 4 0 oto¥ — og¥ot
. [—=20" 0 .
i( 002 ,)z—%az®a3 ifu=0,v=1
O.Z
- . —[Ui,aj] 0 1 ik k . ) (4'1_6>
i 0 (%, 7] = +1eFoh @y Hp=iv =
—lo*, o

So you see that in the Weyl basis, we already know that these satisfy the so(1,d)
algebra since it is just the Lorentz generators for the Weyl, and Weylg represen-
tations in blocks.

e This 4-dimensional Dirac representation is not the 4d vector representation. We
can see this in several ways: It is complex (the generators are not pure imaginary),
though more on this below. It is reducible (we built it by adding together two
irreps!). And it is definitely different because, using (4.16), we have, e.g. J1? =
%a‘g’ ® 1, so

Apirac(0 = 272) = ei2ms? _ pinotoll _ oo o gin o @1 =—1.
This is just as in the non-relativistic case.

e The Weyl spinors 9,9 r are irreps. What’s the big deal about the Dirac rep?
Only that the electron is a Dirac spinor (and some other folks are too). Before we
learned about neutrino masses, they could have been Weyl spinors. Now we have
two possibilities: either there is a secret (heavy, non-interactive) partner with
whom the neutrinos pair up by a Dirac mass, and/or lepton number is violated
by a Majorana mass term (see the homework).
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e Other bases of the gamma matrices are possible and sometimes useful. If we
replace v* with
Vs A = UAHUT, U U = U

for some 4 x 4 unitary U then this gives an equivalent representation, since
{3*,77} = 2n* still and hence S* = US*UT will still solve so(1, d).

A particular useful other basis is the Majorana basis

Ym = 2 s Ym = .1 Ym = 2 » Ym = « 3]
o 0 io oc 0 0 —io

They have the property that they are all imaginary, which means so is the result-
ing Lorentz generators J#, which means that all the matrix elements of 0w T’
are real. So it is consistent to impose a reality condition on the spinors in this
basis. 7, = 7ny,. (The reality condition can be imposed in any basis, but in
another 7* = UF*UT, the condition looks like (U*)f1 Uy = 4*.) This 4d real
representation is still different from the vector; a proof is that a 27 rotation is still
—1. A good analogy is (real scalar):(complex scalar)::(majorana spinor):(Dirac
spinor). For example, a Majorana spinor particle will be its own antiparticle, just

like for a real scalar.

e The Dirac equation (i — m) ¥ = 0 implies the wave equation. Act on the BHS
by

(i +m) (BHS) = 0= (i§+m)(id —m)W¥
= (—”y“’y”@u@,, — mQ) )
= —% 7 {7y 0.0, —mP | W
S—— N—— ~~

antisymmetric =2nHv symmetric

= — (82 +m2) v,

e The equation of motion for ¥ can be obtained by taking the dagger®®, or by IBP
in ‘CDirac:

e
Liirae = U (—i 0" — m) U + total deriv

_
so 0= —8555“ =V <—i oM — m) .

e The Dirac lagrangian is real if m = m*, since we already checked the kinetic
terms.

T

25In doing so, note that 7° = (VO)T, but the spatial ones ()" = —7 are anti-hermitian. This

compensates the fact that that the 4s acquire a minus sign in moving through the 4° in ¥. x
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. . . s mz
e Lorentz transformations of Dirac spinors. We have ¥ - ¢ 0w /biac U =

A%‘I’ with A%: (M 0

. The Dirac conjugate spinor transforms as
0 o*M *U2> e P

— . v f —_
U s Wit (i) 10 = UTA0AT! = TAT
2 2

Here we used that the 77 components of Jpjac are hermitian and commute with
7° (same for L, R), while the 0i components are antihermitean and anticommute
with 7% (opposite sign for L, R). This makes it clear that the mass term WV is
Lorentz invariant.

The gamma matrices also provide nice packaging of the relation we showed above
between vectors and bispinors®’:

ATHO)Y" AL (0) = A" (0)7". (4.17)

2
This means that any product of gamma matrices between two spinors V#1#n =
WAkt ... 4#n s a tensor, in the sense that VA1 s AR, ... AHn V10 To
see this, just use VA#n s WA yH .. -’y“”A%\I/, insert 1 = A%Azl in between
2

2
each pair of gammas, and use (4.17).

Notice that any combination of A, ..., ¥y# - y* ¥ which is symmetric under
interchange of indices can be written using the Clifford algebra to a tensor with
fewer indices. Let v = %[7“, 7*] be just the antisymmetric bit, and similarly for
more indices. In fact, any bispinor ', W,V can be decomposed as a sum of these

tensors: Y Ay, .., Yy*#2 W, This follows from counting: 4 x4 = 14+44-64+441.

e Consider the object v° = iy?y1423 = —ﬁewpay“v”ypy". The factor of i is

chosen so that (7°)" = 7°. Notice that (v°)* = 1 so its cigenvalues are +1. Since
it contains one of each of the other four gamma matrices, it anticommutes with

v
irac

each of them: {y°,v*} = 0,Vu. Since the Lorentz generators Jh:.  are quadratic

in s, this implies [v°, J57_ ] = 0, i.e. 4° is a Casimir, proportional to the identity

on irreps, indeed £1. By direct calculation, in the Weyl basis,

5 Weyl basis —1
T 1

26This is really the same equation as we showed above. In Dirac notation its infinitesimal version

(1 +1i6 - JDirac) 7# (1 —if - JDirac) = (1 —if- Jvector)ﬂ U’YV

follows from

hﬂ’ Jg;’rac] = (J\e;:tor)u VﬁYV'
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is £1 on right-handed and left-handed spinors, respectively. This means that the
chirality projectors Pr/p, = 1%—75 project onto R/L spinors, respectively, PIQ% L=
Pr/1. Notice that Py = 4" Pg.

Our basis of bispinors can be rewritten using 7°. Using y#/7° = —ie"*?~° and
VP = +ieMP7y,~5 we can make a basis of (hermitean) bispinors as in the
table below. The modifier ‘pseudo’ here refers to the properties under parity; for

Bispinor | multiplicity representation
AT 1 scalar
Uy 4 vector
iUy o 6 antisymmetric tensor
iUyl > T 4 pseudovector
iU W 1 pseudovector

example, in terms of ¥ = (1/},; ¢R), consider iUy°¥ = i (szwR — @ZJ}WL) It is
Lorentz invariant (since it is of the form (4.14)), but under parity P : ¢ <> ¥g
(that is, parity acts by 7° on Dirac spinors) it goes to minus itself.

Why care about these bispinors? One reason is that we can make 4-fermion
interactions out of them. For example, W*W - U, ¥ is a Lorentz-invariant
local interaction term which we might add to our Lagrangian.

Another reason is that the vector combinations play an important role:
J = UM = Yhot v + Lot r

is the Noether current associated with the symmetry U — €W of the Dirac
Lagrangian. You can directly check that d,j* = 0 using the Dirac equation.
Similarly, the azial current

7 = U = Yot n — 15"
would be the Noether current associated with the transformation U — €7’ .
This a symmetry rotates the L and R bits oppositely, and is only a symmetry if
m = 0. Indeed, the Dirac equation implies that d,j¢ = 2im¥W¥. For F > m,
the breaking of this symmetry by m can be ignored and it is still useful. The

/145
qf»w( 2”)@

involve only the Weyl components and are separately conserved if both j* and

combinations

o

J& are conserved.
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Coupling to the electromagnetic field. Here’s another purpose for the current.
Suppose our spinor field is propagating in a background electromagnetic field with
vector potential A,. The whole thing should be Lorentz invariant, so we should be
able to couple them via a Lorentz-invariant Lagrangian. How can we resist adding
Lpy = —ej*A, for some constant e (blame Ben Franklin for the sign). The full
Lagrangian is then

Ui (0, +ied,)y" —m]¥
and the Dirac equation is modified to
0= (@{iy"D, —m) V¥, where D,V = (0, +ieA,)V

is the gauge covariant derivative in the following sense: D,¥ e‘io‘(”)Du\If under
U — e @y(z), A, - A, + 19,a. We could have used the demand that the action
respects this transformation to determine the coupling to A, to replace 9, — D,,.

The solutions of the Dirac equation in a background EM field are no longer solutions
of the KG equation:
0= (i) +m) (i) —m) ¥ = (iD,iD,y"v" — m?) ¥ .
Whereas mixed partials commute, [0, 0,] = 0, the covariant derivatives need not:
[D,,D,| = ¢€i(0,A, —0,A,) = €iF,,

so the antisymmetric term matters:
0 = ((8“ + ieA“)2 + ei[v“, VN Fu + m2> Y
(B+iE) &

Weyl basis . 2
= 0, +1eA,)” —e o o
(0 2 <B _ iE) G

+m? | . (4.18)

In the last step we used the form of the Lorentz generators Jf.. = i[y*,7"] in the
Weyl basis. This extra term (relative to the gauge covariant scalar wave equation) is
an intrinsic magnetic dipole moment of a Dirac particle. This is a consequence of the

Dirac equation with implications for the non-relativistic limit.
[End of Lecture 17]
Notice that we could add extra terms coupling the spin to the EM field strength
Loy = Flu (g Py ¥ + g, Wiy W)

but now [ge»] = —1 so these coefficients (which would change the magnetic and electric
dipole moments respectively) are suppressed by the inverse of some new mass scale (a
priori independent of m), which is presumably large or we would have noticed it, and
hence we will ignore such terms for a while.
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4.4 Free particle solutions of spinor wave equations

[Peskin §3.3] To understand a quantum scalar field, we had to know that the solutions
of the KG equation were plane waves e P* with p? = m? (then we associated a mode
operator ay with each solution and added them up). To do the analog for spinors, we’ll
need to know the free particle solutions.

Let’s focus on the Dirac equation. This implies the wave equation, so solutions can
be made from superpositions of plane waves with p? = m?

U(z) = e u(p)
but the Dirac equation places a further restriction on the constant spinor u(p):

0= (0" —m)u(p).
Let’s assume m # 0 and solve this in the rest frame, py = (m, 6) Then we can find
the answer for general p* (with p° > 0) by a boost: u(p) = Asu(po).

0 = (my" — m)u(po) = m (‘]fl _“ﬂ) u(po)

which is solved by u(pg) o (g

two solutions for each p is the “intrinsic two-valuedness” associated with spin % It will

) for any 2-component spinor £. The fact that there are

be convenient to normalize the solutions by

u(po) = V2m @ Cde=1

1 0
We can choose a basis for such &s which diagonalize o3, e.g. £ = (O) €2 = (1) in
the standard basis for the Paulis. £ is an ordinary non-relativistic spinor.

Now, under a boost in the z direction (suppressing the z,y components which

o (5) oo () ()~ ()

and the positive-energy solution of the Dirac equation becomes

u(po) = Ar(n)u(po) =  exp (%77 (03 —03)) vm (5)

remain zero),

§

-~

3
Cosh(n/?)]l—sinh(n/?) (J 3>
—0
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VE+ PPy +\/E—p*P_) ¢

VE =3P, +/E +pPP_) ¢

\/mPJr +E—po3P_)¢ B (\/ﬁf)
VE —p3a3P, + \/E + p303P_) ¢ Vp-a&)

In the final expression, we define the square root of a matrix by its action on eigenstates.

The last expression also works for any boost direction since it’s rotation invariant.
Using the identity

(p-o)(p-0)=p’ (4.19)

(check it on the homework) we can check directly that this expression actually solves
the Dirac equation for general p:

o = (20 = (5,50) (520 - (s 2ot ) (9

m?2

0.

Negative-energy solutions. Just as for the KG equation, there are also negative-
energy solutions with the same p’ (which are not related to the previous by any or-
thochronous Lorentz transformation):

U(z) = v(p)e™™, p*=m’p" >0

where the Dirac equation further imposes

vi(p) = <_\1/9\/7_0;7;s> . s=1,2.

Normalization. A Lorentz-invariant normalization condition is
u’u" = 2m§l§r =2mds. Vv = —=2mo"".
This is equivalent to the following statements about the Lorentz-variant quantities:
ul(p)us(p) = 2B,l¢, = 2E,6,,  vlv, = +2E,nln, = 2E,6™.

Notice that for each p, 0 = @ (p)v*(p) = " (p)u*(p) (but (u")' (p)v*(p) # 0).

Completeness relations. Suppose we choose a basis

o = »_ (691 (4.20)

s=1,2
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Then

2 wwwr) = ) (\/—izg) ((ES)T\/W, (fS)T\/p-_a) 20 (x/P'O’x/pf (vP-o) )

s=1,2 s

(4.19) m p-o
= _ =7-p+tm=p+m.
p-o m

Similarly, > v0 = p — m. Note that these completeness relations for spinor polariza-
tions are analogous to the relation I quoted for photon polarizations (1.19).

Helicity. Define the helicity operator, acting on one-particle states

o 1 /ot
5 T e = D= .
b Dirac p 9 ( O'Z)

p= % is a unit vector, so h% = 1 /4 and the eigenvalues are +1/2, which are called right-
handed and left-handed. (Sometimes people normalize the helicity so that h = £1.)

h=p-S

Naturally, positive-energy Weyl R/L spinors are helicity eigenstates, with h = +1/2
respectively, since the R/L Weyl equation is 0 = poll F p'c?, and py = |p]. More
generally, consider the ultra-relativistic limit of a Dirac spinor, where £ = /p? + m? —
9], with (WLOG) p= 2p?,

;

| 0
VE=I\, 0
1 =Gy | et =
VE+p? (0 0
U’(Ep>p3) - 0 0
VE+Y (1 1
B pEl T et =1
0 0
VE—7p?
| 0

These are helicity eigenstates. More generally, any ultrarelativistic spinor wavefunction
can be decomposed into a linear combination of such helicity eigenstates. For massive
particles (away from this limit), you can switch the helicity by outrunning the particle;
it is not Lorentz invariant.
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4.5 Quantum spinor fields

What did we need to build the Fock space of a relativistic scalar field? A quick
recapitulation: For each mode, we had ladder operators, a # af, and a number operator
N = afa which was hermitian and hence observable. The ladder operators are so called

because
[N,a] = —a, [N,al]=a. (4.22)

This says that given a number eigenstate N|n) = n|n), we can make others by
(4.22)

N(aln)) =" (n—1)(aln)) and N (af n)) e (n+1) (a'|n)). And we know n >0

since 0 < |aln) |? = (n|N|n) = n(n|n), so there must exist a lowest ny that we can’t

lower any further, a|ng) = 0, but then ng|ng) = N |ng) = ala|ng) = 0, so ny = 0.
~——

Hence, a ladder of eigenstates of N with eigenvalues 0, 1,2, 3, ....

OK, but here’s why I just did that: the necessary equation (4.22) did not require that
[a,a] = 1. In fact, (4.22) would also follow from the anticommutation relation

aa' +ala={a,a’} =1, {a,al=0={al al}.
To see this, note the identity [AB,C] = A{B,C} — {A,C}B, so
[a'a,a] = a'{a,a} — {af a}a= —a.

But now 0 = {a,a} = 2a® means a? = 0 and (aT)2 = 0: the ladder only has only one
rung. |0) with a|0) = 0 and |1) = a'|0), and there is no |2) (aT)Z |0) = 0. This is
Pauli exclusion.

For multiple modes, we can take
{ai,a;} = 0,5, {a,a;}=0= {aj,a}}.
And states look like
ala! |0) = £|00001,00...001;,0000) = —ala/ |0)

we have to remember the order in which the quanta are created to get the sign right (the
overall choice is a convention, but relative signs are physics). This is Fermi statistics.

Given a field, how do we know whether to use commutators or anticommutators? A
practical answer: try both and one of them will be bad somehow. The general answer,
with Lorentz invariance, is the spin-statistics theorem: fields with half-integer spin are
fermionic, and those with integer spin are bosonic. Schwartz, §12.4 has an illuminating

106



argument for the connection between spin and statistics from the Lorentz-invariance
of the S-matrix.

a.e - lpl‘ +

\/_ P

Anticommuting scalar fields? Consider a real scalar ¢(z f

h.c., with m = ¢ and

Lp:;/<ﬁ+(§@2+ :) /&% (afa, +a,al).

You see that if {a,, a:),} = ﬁd(p —p') then we get a hamiltonian which is just an infinite

constant, independent of the state. Not such a useful energy functional. We also get
{¢(x),7(y)} =0.
The situation is worse for a complex scalar, with ®(z) = [ \;dzp_ (ape’ipx + b;eipz) .

Then with anticommutators we get
1
o= / @%p e (afa, — bib,)

and the energy is unbounded below. We could alternatively allow negative norm states
or non-local anticommutators. Is that any better?
[End of Lecture 18]
Dirac Hamiltonian. From the Dirac lagrangian, we have the canonical momen-
tum density IT = g—é = i¥4? = i¥! and the hamiltonian density
b= 11 — £ = {0100 —£ =T (i7-V+m) v 2 wligu. (4.23)
%,—/
:i\If’\/Oat\I/

Following our nose and writing the operator-valued field as a sum over all solutions
of the eom weighted by ladder operators, we have

(p) lpx s +U ( )eipxb;T)

\/2wps 12
V2wps 12

where, as for the scalar, we implicitly set p° = wj.

(a(p)e™ as + v°(p)e "b3) (4.24)

The hamiltonian is then (using the last expression in (4.23))
H:/fh

d’ a* . : :
= [t [ G [ S e e e ) (e — ()
p 14 s
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This is of the form ufu + vfv + ufv + vfu. In the first two terms, the z integral is
[ dxel®=97 = §3)(p — ¢) and in the mixed uv terms, we have § = —p. We use the
spinor identities

ul(p)ug (p) = vl(p)vs(p) = +2wp0,0,  ul(P)vy(—p) = vi(P)ug(—p) =0

and get
H= / &pw, > (affay — brby) .

S
Now, if [b,b] = 1, this is > pwWp(Ny — NP) + constant and the world explodes in a
spontaneous shower of antiparticles lowering the energy by coming from nowhere. If
instead we have anticommutation relations,

{bs(0), 0o ()T} = (0 — q)

then this is
H = [ @, 3 (N2(p) + NU(p) + const

S

and all is well, H — Ey > 0. (Here we only used {b,b'} = 6 You could ask why we can’t
have [a,af] = 1 still. That would just be gross.)

This gives canonical equal time local anticommutators
{U(D)a, 1Y)} 51 = 16T — §)da

or
{U(@)a, (@)} o1 = 110 (7 — 7).

Dirac propagator. [Peskin §4.7] Now we will efficiently redo the story of interac-
tion picture perturbation theory and Wick’s theorem for Dirac spinor fields. The story
differs by just a few very important signs.

Time ordering for fermions is defined with an extra minus sign:
T (Ar(z1) - An(zn)) = (=D)F A () - A (), 2% > a9 > - > a?,

where P = the number of fermion interchanges required to get from the ordering 1...n

!/

to the ordering 1’...n" (mod two). Similarly, normal ordering is

cABC - = (-1)PA'B'C -,
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where on the RHS all annihilation operators are to the right of all creation operators,
and P is defined the same way. 2* Wick’s theorem is then still

T(ABC---) =: ABC'--- : 4all contractions.

The possible contractions of Dirac fields are:

U(z)W(y) =0, U(x)¥(y) =0, ¥(x)¥(y)=Sr(x—y),

where Sy is the Feynman propagator for the Dirac field, if you like we could define it
by this equation. It is

Sib(x —y) = (0] T (¥*(x)¥*()) |0) )
= 0(z° — ) (0] U ()W (y) |0) —0(y° — 2°) (0] ¥*(3)¥*() |0)
= 0(z" — %) (0] WS ()T () 10) —B(y° — 2°) (0] TSP ()W) () |0)
=0 (2), 87 (y)}0)=5+ O (), w57 ()} 0)=5~

The ST bit, made only from as, is a c-number

Sile ) = (00,50 0) = [ Lo / S o) o) {22y}
Wy s=1,2 = 12 m
=§(p—q)d°s
d3p —ip(x— s
=[S S w
p S
Y (prm),,
d’p
e~ ip(z—y)
= [ G m,
= (i 4P —ip(a—y) 23
(I@x‘f‘m)ab/%)ﬁe
—A+(a—y)
. i(p+m
dpeir@=y) Cé _)2ab (4.25)
c+ pr—m

The same calculation for S~, the bit involving {b, b'}, gives the same integrand, the
only difference, as for the complex KG field, is the contour Ot — C~. Getting the

2"Why the extra signs? One way to see that they must be there is if they weren’t everything would
be zero. With the sign, the following two choices for a normal ordered product are equivalent:

= (-1)2%ala,a, = (-1)%ala,a

. T
ta,a,a »lq rQqQps

pTq-T

but without it, we would conclude that the LHS would be zero.
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same integrand with the same sign required the relative minus (the red one above)
which for bosons came from the sign in the commutator [b, bf] = bb' — bfb. Adding
the two terms together, we learn that the momentum space Dirac propagator is

o d(ptm)  i(p+m) i
R T e D e

(4.26)

(These matrices all commute with each other, so my cavalier manipulation of them
can be done in the eigenbasis of p without trouble.) It is not a coincidence that the
numerator of the propagator is the polarization sum: ) u®(p)u®(p) = p +m

The position-space Feynman propagator comes from integrating (4.26) over the
Feynman contour, as for scalars:

i .
Sp(r —vy :/ d*p e~ iPEy),
F( ) Cr p_m

Fermions and causality. Earlier I made a big deal that we need commutators
to vanish outside the lightcone to prevent acausal communication. But the Dirac field
WU (z) doesn’t commute with W(y) for spacelike # — y (rather, they anticommute). Why
is this OK? What saves the day is the fact that we can’t measure a single fermion
operator. The operators we can measure (such as the number density of fermions Wi,
or their momentum density \I/Tﬁ\lf) are all made of even powers of ¥ and U. And these
do commute outside the lightcone.

A principle which would make this restriction on what we can measure precisely
true and inevitable is if fermion parity is gauged. By ‘fermion parity’ I mean the
transformation which takes ¥ — —W for every fermionic operator in the world. By ‘is
gauged’ I mean that this transformation should be regarded as an equivalence relation,
rather than a transformation which relates distinct physical configurations. In that

case, a local operator with an odd number of fermions would not be gauge invariant.
28

28This point of view, that locality should be built into the Hilbert space, and that therefore that
fermion parity should be gauged, is advocated forcefully by Wen, Quantum Field Theory of Many-
Body Systems (Oxford, 2004) in Chapter 10. It is not clear how to include gravitational degrees of
freedom in this principle.
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5 Quantum electrodynamics

We must fill a small hole in our discussion, to help our fermions interact. In §1.3, we
figured out a bit of the quantum theory of the radiation field. A few things we did not
do: study the propagator, figure out the data on external states, and the relation of
between the masslessness of the photon and gauge invariance. After that we will couple
electrons and photons and study leading-order (tree-level) processed in the resulting
theory of quantum electrodynamics (QED).

5.1 Vector fields, quickly

[We'll follow Ken Intriligator’s efficient strategy for this discussion.] Consider the
following Lagrangian for a vector field A, (which I claim is the most general quadratic
Poincaré-invariant Lagrangian with at most two derivatives):

1
L= =5 | AQA + a0 A, A DAA 4 ce70,A,0, 4,

—(04)?

The sign is chosen so that spatial derivatives are suppressed, and the normaliza-
tion of the first term is fixed by rescaling A. The last term is a total derivative,
"7 0,A,0,A, x 0, ("7 A,0,A,), and will not affect the EOM or anything at all in
perturbation theory; it is called a 6 term. The EOM are

) 9
0 541/( )/E (9 v aa,,(a )+b v

which like any translation invariant linear equation is solved by Fourier transforms
A,(z) = e e if
ke, + ak, (k- €) + be, = 0.

There are two kinds of solutions: longitudinal ones with €, o k,, (for which the disper-

__b
1+a

The longitudinal mode may be removed by taking b # 0 and a — —1, which gives the

sion relation is k% = ), and transverse solutions ¢ - k = 0 with dispersion k? = —b.

Proca Lagrangian:

1 1
Ea:,Lb:,lﬁ = _ZFMVFHV + 5/,6214#14“

Note that the EOM (Proca equation) 0 = 9'F, + u*A, implies 0 = 9”A, by 0 =
O*9"F,. So each component of A, satisfies the KG equation, k* = p?. In the rest
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frame, we can choose a basis of plane wave solutions which are eigenstates of

0 0
1 1 1
J*=1i * , namely, ¢ = — L9 = 0
-1 V2 | Fi 0
0 1
' () . els) = 4 g7s (r)x (r) _ kuky
They are normalized so that €\ - €¥) = +40™ and Zr::l:l() €n €' = —Nu + 7 SO

that they project out € o< k. Notice that if p’ oc 2 (for example in the masselss case
with p* = (F,0,0, £)*) then these € are also helicity eigenstates: h = S -p = J*.

Canonical stuff: The Canonical momenta are m' = gj = —F% = E' (as for
electrodynamics in §1.3) and 7% = = 0. This last bit is a little awkward, but it

8A
just means we can solve the equations of motion for Ay algebraically in terms of the

other (real) dofs:

0= 5. Bp2Ag = (—V22) Agt VA = Ay(T) = /di”yeulfﬂm.
64, Ar|Z — ]
(5.1)

So at each moment Ay is determined by A;. (Notice that this is still true for u — 0.)
The hamiltonian density is

1 1 1/ - - S5 o
h=+ (F§z+§Fi§‘+M2A?+H2AS)25(E2+BQ+M2A2+A0(V'E—M2Ao>>ZO,

where positivity follows from the fact that it is a sum of squares of real things.

The canonical equal time commutators are then
[Ai(t, ), F°(t, )] = 16]0% (& — §)

which if we add up the plane wave solutions as

—1kac a’ (r) +ikz 7T (r)*)
5 €, te Ta e
/ 2wy, A kw

r=1,2,3

give the bosonic ladder algebra for each mode
S 3 7 TS
. a5f] = 47 (F =)o

The normal-ordered hamiltonian is
:H = Z/d‘% wea) aj.
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The propagator for the A,(x) field is

—ik(z—y) _.(77;”/ k k /:u )
(TAu(x /d4ke { R (5.2)

Notice that like in the spinor case the polarization sum € *e; appears in the numer-
ator of the propagator. The quantity in square brackets is then the momentum-space
propagator. Since (0] A,(z) |k,r) = €}, (k)e”** | a vector in the initial state produces a
factor of €, (k), and in the final state gives €*.

Massless case. In the limit ;1 — 0 some weird stuff happens. If we couple A,
to some object j# made of other matter, by adding AL = j#A,, then we learn that
0, AP = 1=29,5*. This means that in order to take p — 0, it will be best if the current
is conserved 0,j".

One example is the QED coupling, j* = W~#W. We saw that this coupling A, j*
arose from the ‘minimal coupling’ prescription of replacing 9, — D, = 0, + ieqA,
in the Dirac Lagrangian. In that case, the model had a local invariance under A, —
A+ 0,M(x) /e, U(z) — @ W(x). For A non-constant (and going to zero far away),
this is a redundancy of our description rather than a symmetry (for example, they
have the same configuration of E, é, ¢ A). That is, configurations related by this
gauge transformation should be regarded as equivalent.

Another example can be obtained by taking a complex scalar and doing the same
replacement: £ = D, ®*D*® + ... Notice that in this case the vertex involves a deriva-
tive, so it comes with a factor of —ieq(ps + pe+)*. Also, there is a A, A, ®*® coupling,
which gives a vertex proportaional to —ie*¢?n,,,.

How do I know that configurations related by a gauge transformation should be
regarded as equivalent? If not, the kinetic operator for the massless vector field
(N (0°0,) — 0,0,) A” = 0 is not invertible, since it annihilates A4, = J,\.

[End of Lecture 19]

What’s the propagator, then? One strategy is to simply ignore the gauge equiva-
lence and use the same propagator (5.2) that we found in the massive case with u — 0.
Since the dynamics are gauge invariant, it will never make gauge-variant stuff, and the
longitudinal bits o< k,k, in (5.2) (which depend on ) will just drop out, and we can
take ¢ — 0 in the denominator at the end. This actually works. The guarantee that
it works is the QED Ward identity: any amplitude with an external vector €(k), is of
the form

= iM =iM"(k)e, (k)
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and if all external fermion lines are on-shell then
/\/l“(k:)k:# =0.

There is a complicated diagrammatic proof of this statement in Peskin; we will see some
illustrations of it below (I also recommend Zee §I1.7). It is basically a statement of
current conservation: such an amplitude is made (by LSZ) from a correlation function
involving an insertion of the electromagnetic current j*(k) = [ d*z e **j#(z), in the
form, M* ~ .. (Q]....7*(k)...|?), and k,j* (k) = 0 is current conservation. A systematic
proof using this point of view is easy with the path integral (in 215C).

This property guarantees that we will not emit any longitudinal photons, since the
amplitude to do so is the p — 0 limit of

emit e = 1(k,0,0, —w), I 1 0 3 1 0
pr e MF == (kM —wM?) = = | kMO — k2 + 2 M3
( with & = (w,0,0, k) | * * u( wM) 1 Ny
kA
1
== kME - BB o) 20,
o~~~ \Qk _
=0,by Ward -0 a‘sru—>0

Gauge fixing. You might not be happy with the accounting procedure I've advo-
cated above, where unphysical degrees of freedom are floating around in intermediate
states and only drop out at the end by some formal trick. In that case, a whole zoo of
formal tricks called gauge fizing has been prepared for you. Here’s a brief summary to
hold you over until 215B.

At the price of Lorentz invariance, we can make manifest the physical dofs, by
choosing Coulomb gauge. That means we restrict d,A* = 0 (so far, so Lorentz in-
variant) and also V - A = 0. Looking at (5.1), we see that this kills off the bit of Ag
that depended on A. We also lose the helicity-zero polarization V- A x ©. But the
Coulomb interaction is instantaneous action at a distance.

To keep Lorentz invariance, we can instead merely discourage configurations with
0- A # 0 by adding a term to the action

1 1 9
L=—F, ¥ _——(0-A
for some arbitrary number £. Physics should not depend on &, and this is a check on

calculations. The propagator is

— (1= &kyuk/1i?)
k2 — pu? + ie

(T Au@) A (y)), = / A e {—i(n,w

114



and again the bit with k,k, must drop out. £ = 1 is called Feynman gauge and makes
this explicit. £ = 0 is called Landau gauge and makes the propagator into a projector
onto k| .

It becomes much more important to be careful about this business in non-Abelian
gauge theory.

29

5.2 Feynman rules for QED

First, Feynman rules for Dirac fermion fields, more generally’’. As always in these
notes, time goes to the left, so I draw the initial state on the right (like the ket) and
the final state on the left (like the bra).

29 By the way, you might be bothered that we didn’t go back to our table 1 of possible Lorentz
representations on fields to think about spin one particles. Indeed, we could start with the (1,0)(0, 1)
antisymmetric tensor F,,, as our basic object. (See, for example, the book by Haag, page 47.) Indeed,
in this way we could construct a theory of a free EM field. But don’t we need a vector potential to
couple to charged matter? The answer turns out to be ‘no,” as explained by Mandelstam here. The
price is that the charged fields depend on not just a point, but a choice of path; if we did introduce
the vector potential, they would be related to our fields by

Oz, P) = ¢l Jr 40 (a),

where P is a path which ends at x and infinity. This Wilson line €l Jp A carries away the gauge
transformation, so that ®(z, P) is actually invariant under gauge transformations that fall off at
infinity.

Thanks to Wei-Ting Kuo for asking about this.

30 Another good example of a QFT with interacting fermions is the Yukawa theory theory of a Dirac
fermion field plus a scalar ¢ and an interaction

V=gpll — = —igs". (5.3)

Notice that in 3+ 1 dimensions, [g] = +4 — [¢] — 2[¥] =4 — 1 — 23 = 0, the coupling is dimensionless.
This describes more realistically the interactions between nucleons (which are fermions, as opposed to
snucleons) and scalar pions, which hold together nuclei. It also is a crude sketch of the Higgs coupling
to matter; notice that if ¢ is some nonzero constant (@), then there is a contribution to the mass of
the fermions, g (¢).
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1. An internal fermion line gives

- < = k] — My
which is a matrix on the spinor indices.

There are four possibilities for an external fermion line of definite momentum.

[
2. = \11|p7T> :ur(p>

- .+-Q
3. e ... = (p, 7| = (p)
‘e —?—1

S (p. 7| = v (p)

6. Some advice: When evaluating a Feynman diagram with spinor particles, always
begin at the head of the particle-number arrows on the fermion lines, and keep
going along the fermion line until you can’t anymore. This will keep the spinor
indices in the form of matrix multiplication. Why: every Lagrangian you'll ever
encounter has fermion parity symmetry, under which every fermionic field gets
a minus sign; this means fermion lines cannot end, except on external legs. The
result is always of the form of a scalar function (not a matrix or a spinor) made
by sandwiching gamma matrices between external spinors:

py TE— o —— = Z @ (p)a (pile of gamma matrices), u” (p)y
a,b..=1..4

Furthermore, in S-matrix elements the external spinors u(p), v(p) satisfy the equa-

tions of motion (p —m)u(p) = 0, a fact which can be used to our advantage to

shrink the pile of gammas.

There can also be fermion lines which form internal loops (though not at tree

level, by definition). In this case, the spinor indices form a trace,

Z (pile of gamma matrices),, = tr (pile of gamma matrices) .

a

We'll learn to compute such traces below (around (5.5)); in fact, traces appear
even in the case with external fermions if we do not measure the spins.
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7. Diagrams related by exchanging external fermions have a relative minus sign.

8. Diagrams with an odd number of fermion loops have an extra minus sign.

The last two rules are best understood by looking at an example in detail.

To understand rule 8 consider the following amplitude in the Yukawa theory with

interaction (5.3): — It is a contribution to the meson propagator.

It is proportional to

| [ ] ! | 1 | 1
D U (@) e(2)Wo(y) Valy) = (—1)trW () (y) U (2)¥(y) = (—1)trSp(z — y)Se(z —y)
abcd

[Peskin page 119] To understand rule 7 consider YW — WU (nucleon) scattering

o AL
in the Yukawa theory: The blob represents the matrix

y / Yo

—i[Vd*z

rl

element

0 (psr3ipara] Te |P17’1;J927”2>0

where the initial state is
[p171; Para) g = a;ﬁa;f 10)
and the final state is
o (P37 para| = (|psrs;para)y)’ = (0] altals = — (0] al?al:
where note that the dagger reverses the order.

The leading contribution comes at second order in V:

0 (p3r3;paral T (%(ig)z/d421 /d422 (‘I/‘I’¢)1 (\I/\Ijﬁb)g) [p171; Par2)

To get something nonzero we must contract the ¢s with

each other. The diagrams at right indicate best the pos- .

sible ways to contract the fermions. Exchanging the roles | r 22,
I

of z; and 2z interchanges two pairs of fermions so costs —e <

no signs and cancels the %
The overall sign is annoying but can be fixed by demand-

.ll
ing that the diagonal bit of the S-matrix give /\\ | ¥ 2,
.*?.

(D3pa] (L +...) [p1p2) = +0(p1 — p3)0(p2 — pa) + - - -

The relative sign is what we’re after, and it comes by comparing the locations of fermion
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operators in the contractions in the two diagrams at right. In terms of the contractions,
these t— and u— channel diagrams are related by leaving the annihilation operators
alone and switching the contractions between the creation operators and the final state.
Denoting by ab the fermion creation operators coming from the vertex at z; o,

(0] a,, ay,alal... + (0|a,, a,alal ...
= <0‘ ap, apsaJ{ a; - <0’ ap4aJ{ ap3a$
—— S~

In the last expression the fermion operators to be contracted are all right next to each
other and we see the relative minus sign.

While we're at it, let’s evaluate this whole amplitude to check the Feynman rules
I've claimed and get some physics out. It is

—ig(z1—22)§
Sy = —92/d21d22 /d‘lqm (e—lm(pl—ps)ars (p3)u" (p1) - e 2P0 (p U (py) — (3 4 4)).

In the first (t-channel) term, the integrals over 215 gives §(p1 — ps — q)#(p2 — pa — q),
and the ¢ integral then gives d(p; + p2 — ps — pa), overall momentum conservation. In
the second (u-channel) term, ¢ = p; — py = p3 — p2. Altogether,

Spi = 1+ ¢ (pr)iM

with . .
IM - —ig2 (t B (?_Lgul) (l_L4U2) —

—m u — m?

(tqur) (aguz)) (5.4)

with ¢ = (p; — p3)?%,u = (p1 — ps)®. This minus sign implements Fermi statistics.

Yukawa force revisited. In the non-relativistic limit, we can again relate this
amplitude to the force between particles, this time with the actual spin and statistics of
nucleons. In the COM frame, p; = (m, p), p2 = (m, —p) and p3 = (m, ), ps = (m, —p').
The spinors become u, = \/m<§,> so that azu; = u(ps)u(p)™ = 2m&l.&, =
2mdy,qr, . Let’s simplify our lives and take two distinguishable fermions (poetically,
they could be proton and neutron, but let’s just add a label to our fermion fields;
they could have different masses, for example, or different couplings to ¢, call them
g1, 92). Then we only get the ¢-channel diagram. The intermediate scalar momentum

isqg=pi—ps=(0,f—p)sot=(p—p)?=—-F=—(F—p)" and

1 : 1 rirs srord
IMNrcom = 19192ﬁ4m2(5 g
q +m¢
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Compare this to the NR Born approximation matrix element

210(E, — Ey) (—1V((f)) = e[S [D) g

4
, 1
:;/fp‘/gﬁsﬂ
1

vam?®

_ rirs 19192

== 27’[’(5<Ep - Ep/)5 ! 3m
where in the second line we summed over the spins of the second particle, and corrected
the relativistic normalization, so that yg (0'|p) vp = 53(p — p'). This is completely
independent of the properties of the second particle. We infer that the scalar mediates

a force with potential U(x) = —W. It is attractive if g1g2 > 0.

Back to QED. The new ingredients in QED are the propagating vectors, and the
interaction hamiltonian V' = eW~#*WA,. The rest of the Feynman rules are

9. The interaction vertex gets a

?W\ — _ ie,-)/ﬂ

10. An external photon in the initial state gets a €“(p), and in the final state gets a
e (p).
11. An internal photon line gets a
i

P — m (_nuv 4 (1 _ f)k“k”/kZ)

where m, = 0 (it’s sometimes useful to keep it in there for a while as an IR
regulator) and the value of £ is up to you (meaning that your answers for physical
quantities should be independent of §).

Spinor trace ninjutsu.
The trace is cyclic: ~ trAB---C = trCAB. (5.5)

Our gamma matrices are 4 x 4, so  trll = 4.
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(5:5) 5 {1°71=0

try* = tr (75)2 * tryP vty —try* = 0. (5.6)

The same works for any odd number of gammas.

tryH Y SRR —tryYy* + 20 trll 55 —tryHy” + 8 = trytyY = 4nt. (5.7)

Yy yPy7 = 4 (0" + 070 — 7). (5.8)
Why is this? The completely antisymmetric bit vanishes because it is proportional to
v which is traceless (by the same argument as (5.6)). If any pair of indices is the same
then the other two must be too by (5.7). If adjacent pairs are the same they can just
square to one and we get +1; if alternating pairs are the same (and different from each
other) then we must move them through each other with the anticommutator. If they
are all the same we get 4.

tryPyY POy = —4ieh P

5.3 QED processes at leading order

Now we are ready to do lots of examples, nearly all of which (when pushed to the
end) predict cross sections which are verified by experiments to about one part in
137.%" Here 1= ~ a = % is the small number by which the next order corrections are
suppressed.

Did I mention that the antiparticle of the electron, predicted by the quantum Dirac
theory (i.e. by Dirac), is the positron? It has the same mass as the electron and the
opposite electromagnetic charge, since the charge density is the 0 component of the
electromagnetic current, j* = U~y*¥, so the charge is

/dngo(x) = /\II'VO\I/ = /\PT\I] = /dspz (a;rhsaps - bL,sbPS) :

So b’ creates a positron.

[Schwarz §13.3] Perhaps the simplest to start with is scattering of electrons and
positrons. We can make things even simpler (one diagram instead of two) by including

31T guess it is this overabundance of scientific victory in this area that leads to the intrusion of so
many names of physicists in the following discussion.

32This statement is true naively (in the sense that the next diagrams which are nonzero come with
two more powers of e), and also true in fact, but in between naiveté and the truth is a long road of
renormalization, which begins next quarter.
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also the muon, which is a heavy version of the electron®®, and asking about the process
wrp~ < ete . At leading order in e, this comes from

l./\/llﬁ#q_ﬁef =

—i (np,u - (1_613;%'1{;1’ )
- <_i6ass (p3)7HUS4 <p4) )muons ]{32 (—i61_182 (p2),yl/u81 (pl ) )electrons (59)

with £ = p; + po = p3 + p4 by momentum conservation at each vertex. I've labelled
the spinors according to the particle types, since they depend on the mass.

Ward identity in action. What about the k,k, term in the photon propagator?
The spinors satisfy their equations of motion, Pur = meu (where u; = (0% for short)
and Vo, = —MeDs. The k, appears in

k027 uy = vy (]ﬁl +}7ﬁ2) uy = Vg ur + Vopp,ur = (m —m)vu = 0.

(The other factor is also zero, but one factor of zero is enough.) Therefore
o2
M = ;'EL;;")/#’UZL . @2’7“'&1

where s = k* = (p; + p2)? = E2%,,, is the Mandelstam variable. And I am relying on
you to remember which spinors refer to muons (3,4) and which to electrons (1,2).

Squaring the amplitude. We need to find M7 (the dagger here really just means
complex conjugate, but let’s put dagger to remind ourselves to transpose and reverse
the order of all the matrices). Recall the special role of 4° here:

’YL% = Y0V %Jg = Yo-
This means that for any two Dirac spinors,
(‘I’W”\IJQ)T = @27M\Ijl-
(This is the same manipulation that showed that the Dirac Lagrangian was hermitian.)

So

62

M= ~ (007" uz) (@y,ve)

33Who ordered that? (I. Rabi’s reaction to learning about the muon.) I hope you don’t find it too
jarring that the number of ‘elementary’ particles in our discussion increased by three in the last two
paragraphs. People used to get really disgruntled about this kind of thing. But here we have, at last,
uncovered the true purpose of the muon, which is to halve the number of Feynman diagrams in this
calculation (compare (5.14)).
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and therefore

4
et o _ _
|Mu+p*<—e+e* |2 = ? \(’U4’}/MU3> (U37 U4)1 : \(UI’YMUQ) (U2fyl/ull : (51())
out ;r:

These objects in parentheses are just c-numbers, so we can move them around, no
problem. I've grouped them into a bit depending only on the initial state (the electron
stuff 1, 2) and a bit depending only on the final state (the muon stuff 3,4).

Average over initial, sum over final. In the amplitude above, we have fixed the
spin states of all the particles. Only very sophisticated experiments are able to discern
this information. So suppose we wish to predict the outcome of an experiment which
does not measure the spins of the fermions involved. We must sum over the final-state

> e ) = (B, =) = 05 (bt (py)

(where I wrote the last expression to emphasize that these are just c-numbers) and

> (p)is () = (p, + )

spins using

Looking at just the ‘out’ factor of [M|? in (5.10), we see that putting these together
produces a spinor trace, as promised:

> (lps)3aty v(pa);?) (0(pa)2* Vg™ (ps)a)

-~

53,54
’ (p47m#)bc

= fy(l;b(zzh - mu)bc%/d(lbg, + m,u)da
= tr (fy“ <p4 — mu> ¥ <,¢3 + mu>)
= PapPsetry" Py — mitryty”

(5.7),(5.8) L .
=77 4| phps + pEpl — ps - paf™ —m2 (5.11)

=p34
If also we don’t know the initial (electron) spins, then the outcome of our experiment

is the average over the initial spins, of which there are four possibilities. Therefore, the
relevant probability for unpolarized scattering is

1 64 v
Z Z |M|2 — @tr (7# <p4—mu>’y <p3+mu)>tr <'71/ (pZ_m“> Tu (p1+mﬂ>>
51,2,3,4
5.11) twice 4e*
(5110 = (P13P24 + Prapas + M pra + mipss + 2mim2)

lgebra  2€*
T (P u +4s(m? +ml) — 2(m? 4+ m?)?) (5.12)
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where we used all the Mandelstam variables:

s=(p1+p2)? =(ps+pa)® = Edoy =4E°
t = (p1—ps)® = (p2—pa)® = m2 +m; — 2E* + 2k -
k

p -

- |

uw=(pr—ps)? =(po—ps)> =m2+m?2—2E—2k.p  T=ER /,:cc.r‘
e~ 7@ et

where the particular kinematic variables (in the rightmost AN
equalities) are special to this problem, in the center of — a* K(;{ 3)

mass frame (CoM), and are defined in the figure at right.
Really there are only two independent Lorentz-invariant
kinematical variables, since s +t +u =Y, m?.

Now we can use the formula (3.35) that we found for a differential cross section
with a two-body final state, in the CoM frame:

do B 1 2]
(dQ)CoM 6412 Econ |k| < Z| )

spins

’151 4 712112 2 2 2 2
- TE (E + 2|1 cos? 8 + EX(m2 + m“)) (5.13)
where @ = £ is the fine structure constant. This can be boiled a bit with kinematical

relations |k| VE? —mZ, |p] = \/E? —m? to make manifest that it depends only on

two independent kinematical variables, which we can take to be the CoM energy F
and the scattering angle 6 in k - p' = |k||p] cos @ (best understood from the figure). It
simplifies a bit if we take £ > m,, and more if we take £ > m, ~ 200m, to

do o?

0~ AE?

In fact, the two terms here come respectively from spins transverse to the scattering
plane and in the scattering plane; see Schwartz §5.3 for an explanation.

(1+ cos?6).

There is a lot more to say about what happens when we scatter an electron and a
positron! Another thing that can happen is that the final state could be an electron
and positron again (Bhabha scattering®).

They are not necessarily the same e~ and e*, though
(except in the sense that they are all the same), because
another way to get there at tree level is the second, t- =
channel, diagram, at right. The intermediate photon in o

that diagram has k; = (p; —p3), so that the denominator
of the propagator is t = k? = (p; — p3)? instead of s.

34See figure 3 here. Now remember that a person doesn’t have much control over their name. By
the way, I totally believe the bit about non-perturbative strings = lint.
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Squaring this amplitude gives
|IMs + M|? = M + IM]* + 2Re (M M), (5.14)

interference terms. Interference terms mean that you have to be careful about the
overall sign or phase of the amplitudes. In this case, there is a relative minus sign, by
exactly the calculation we did to get (5.4).

Above we've studied an exclusive cross-section in the sense that we fixed the final
state to be exactly a muon and an antimuon. It has also been very valuable to think
about inclusive cross-sections for ete™ scattering, because in this way you can make
anything that the s-channel photon couples to, if you put enough energy into it.

e"e” — e e~. What happens if instead we scatter two
electrons (Moller scattering)? In that case, the leading
order diagrams are the ones at right. Now the interme-
diate photons have k; = (p; — p3) and k, = (p1 — pa)
respectively, so that the denominator of the propaga-
tor is ¢ and u in the two diagrams. The evaluation of

these diagrams has a lot in common with the ones for
ete” — ete™, namely you just switch some of the legs
between initial and final state.

The relation between such amplitudes is called crossing
symmetry. Let’s illustrate it instead for ey~ < e pu™,
where again there is only one diagram, related by cross-
ing to (5.9). The diagram is the one at right. (The muon
is the thicker fermion line.)

_i< _ (1—s>kuky>
. . M K2 .
iM = X = (_leu37“u1))electrons L2 (—I€UQ’)/ u4)muons (515)

with & = p; — p3 = ps — ps. It differs from (5.9) by replacing the relevant vs with
us for the initial/final antiparticles that were moved into final/initial particles, and
relabelling the momenta. After the spin sum,

1 9 et 5
7 2 IME = g (0 () 07 (py ot )t (o () e (9,5 mc))
$1,2,3,4
this amounts to the replacement (p1, p2, p3, ps) — (p1, —P3, P4, —Pp2); on the Mandelstam
variables, this is just the permutation (s, t,u) — (t,u,s).
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Electron-proton scattering. The answer is basically the same if we think of the
heavy particle in (5.15) as a proton (we have to flip the sign of the charge but this gets
squared away since there is no interference in this case). ep — ep is called Rutherford
scattering, for good reason®”’

Electron-photon scattering. In the case of the process e + e~ 7, *° we meet
a new ingredient, namely external photons:

iM = )}—«‘{ K M, +iM,

o ik, +m k,+m
= —le 26‘;64 Uus (’)/l,—rrnQ”YH + 7/1 r—m2 ’71/) . (516)

The two amplitudes have a relative plus since we only mucked with the photon contrac-
tions, they just differ by how the gamma matrices are attached. If you don’t believe
me, draw the contractions on this:

(vel (WAD) (PAD); [ve)
(I'm not going to TeX it, thank you).
Now, if we don’t measure the photon polarizations, we need
1 2
P=1 Z M
polarizations, spins
The key ingredient is the completeness relation
Z €, (k)€ (k) = =1, + something proportional to k*k”.
i=1,2

We can do various incantations to find a definite coefficient, but it will not matter
because of the Ward identity: anytime there is an external photon €(k),,, the amplitude
is M = M,e'(k) and satisfies kM, = 0. Therefore, we can ignore the term about
which I was vague and we have

Z M| = Z EL*M“*M”Ei = —Nu M M + (terms with M, k")

polarizations %

35If you don’t know why, you should go read Inward Bound, by Abraham Pais, as soon as possible.

36which at high energy is called Compton scattering and at low energies is called Thomson scattering.
Despite my previous curmudgeonly footnote chastising the innocent reader for a poor knowledge of
the history of science, I do have a hard time remembering which name goes where. Moreover, as much
as I revere the contributions of many of these folks, I find that using their names makes me think
about the people instead of the physics. No one owns the physics! It’s the same physics for lots of
space aliens, too.
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= — MM,

Don’t be scared of the minus sign, it’s because of the mostly minus signature, and
makes the thing positive. But notice the opportunity to get negative probabilities if
the gauge bosons don’t behave!

You get to boil the Compton scattering probability some more on the homework.
Good luck!

To be continued ... here.
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