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Abstract

An analytical theory of the tails of the PDF for the local Reynolds stress
(R) is given for forced Hasegawa-Mima turbulence. The PDF tail is treated
as a transition amplitude from an initial state, with no fluid motion, to final
states with different values of R due to nonlinear coherent structures in the
long time limit. With the modelling assumption that the nonlinear structure
is a modon (an exact solution of a nonlinear Hasegawa-Mima equation) in
space, this transition amplitude is determined by an instanton. An instanton
is localized in time and can be associated with bursty and intermittent events
which are thought to be responsible for PDF tails. The instanton is found via
a saddle-point method applied to the PDF, represented by a a path integral.
It implies the PDF tail for R with the specific form exp [—cR3/ 2], which is a

stretched, non-Gaussian exponential.
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I. INTRODUCTION

For the last 40 years, much of the effort in magnetic fusion theory has been devoted
to calculating turbulent heat and particle diffusivities for turbulence arising from various
microinstabilities. A conventional approach to this problem is so-called mean field theory,
which attempts to describe the transport by a single, average coefficient. It is however be-
coming increasingly clear that transport often involves events of many different amplitudes
or scales, some of which are intermittent and bursty in time. In particular, recent numerical
simulation! has indicated the existence of avalanche-like events of large amplitude, associ-
ated with coherent structures such as streamers or blobs, which can be major players in the
transport dynamics. On the theory front, the notion of a scale invariant spectrum of trans-
port events was proposed in self-organized criticality theory (SOC).? In short, it is evident
that rather than a transport coefficient, the fluz probability distribution function ( IS
r wuir d in order to substantively characterize the transport process.

It is often found that PDF is aussian near its center but reveals a significant deviation
from aussianity at the tails.> The latter is a manifestation of int r 4tt ncy due to rare
events of substantial amplitude, which are fre uently associated with bursts and coherent
structures. That is, the events contributing to the tails are intrinsically strongly nonlinear.
Thus, unlike near the center of PDF, where a perturbative approach may be useful, a non
perturbative approach is re uired for the description of PDF tails.  nfortunately, little
in the way of intuition concerning PDF structure is available.  oreover, since numerical
calculation of PDFs (via repeated simulations) is slow and costly, a (non-perturbative)
analytical theory is especially useful.

In this paper, we take a novel statistical approach and provide an analytical theory
for the prediction of the tails of local Reynolds stress (vorticity ux) PDF in drift wave
turbulence. e consider forced Hasegawa- ima turbulence as a simplest description of drift
wave turbulence and study momentum transport by computing the PDF for local Reynolds

stress (i.e., momentum ux). ote that the issue of particle or heat transport, which is



of our ultimate interest, cannot be addressed in Hasegawa- ima model and re uires the
consideration of a more complicated model such as Hasegawa- akatani, IT , or dissipative
trapped ion convective cell (DTICC) models.

As noted previously, PDF tails are likely to arise from the events with coherent spatial
structure. One of the coherent structures manifested in a particular system is obviously
an exact solution of the governing nonlinear e uation. In the case of the Hasegawa- ima
e uation, one exact solution is known as a modon . This is a bipolar vortex soliton, which is
localized in space and travels in the direction perpendicular to both the (strong) magnetic
field and the background density gradient. eing a solitary solution in the absence of
dissipation and an external forcing, a modon can be excited generated in finite time by
the proper forcing. Here, what we meant by proper is that a forcing should be somewhat
fine-tuned to excite modons as a result of r sonant interaction (see Sec. III). The key idea is
then to envision the tails of the local Reynolds stress PDF as the transition amplitude from
an initial state, with no uid motion, to final states with different values of local Reynolds
stresses owing to the presence of a modon in the long time limit.

As shall be shown in Section II, a PDF can, in general, be expressed in terms of a
path integral, by exploiting the uncertainty arising due to an external, stochastic forcing. !
The path integral can then be performed non-perturbatively by computing the saddle point

1113 Among all possible paths,

solution for the effective action, i.e., the so-called instanton.
an instanton corresponds to a particular path which contributes to the PDF tail in such a
way as to give the transition amplitude mentioned previously. As the name indicates, an
instanton is localized in time with a kink-like structure (see Fig. b) and exists during the
time interval while a modon is formed by forcing. Thus, its finite lifetime can be related to
the burstiness of the event associated with the creation of a modon.

In principle, the computation of PDF tails re uires a weighted sum over the contributions
from all rare events, possibly associated with coherent structures in the system. ote that

the notion of a weighted sum over different coherent structures in real space, rather than

conventional Fourier expansion, is employed here. In the present paper, however, we shall



assume that underlying coherent structure is a modon as it is the only nonlinear solution
that is known to us. The generalization to the case with many different coherent structures
is expected to be straightforward, even if technically complicated.

efore closing the introductory remarks, some historical background on instantons would
be helpful in understanding their physical meaning. Instantons originated in uantum me-
chanics as a non-perturbative way of computing the transition amplitude from one ground

state to another.!

The basic idea there is that the uncertainty relation between position
and momentum allows one to formulate the transition amplitude from the initial position

to final position by a path integral as follows (see Fig. 1)
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where () is action, and ( ) is Hamiltonian with a

potential . e can expand the left hand side of the previous e uation in terms of a

complete set of energy eigenstates to obtain
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The previous e uation then implies that the transition amplitude from one ground state to

another can be isolated by taking time to be imaginary. Expressed in terms of imaginary

2

time, action becomes FEuclidean action, . An instanton is a saddle-

point solution of Euclidean action and corresponds to one particular path which leads to
the transition amplitude between ground states. For instance, in the case of double-well
potential, an instanton is a tunneling solution from the bottom of one potential well to
another (see Fig. a). If a solution going from one ground state to the other is called
instanton, a solution traveling in the opposite direction is called anti-instanton. As noted
above, a distinguishing characteristic of such solutions is temporal localization (see Fig.

b). Instanton method was used in gauge field theory for the computation of the transition
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amplitude from one vacuum to another vacuum.” About twenty years later, this method
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was adapted to a classical uid problem by several authors, pioneered by urarie and

1.11
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In uid turbulence, unpredictability can arise either from the chaos intrinsic to the
system or from an external random forcing. etween the two, clearly, it is much easier
to formulate a PDF in the case of an external forcing, to which the following discussion
will be limited. In fact, it is well known that a similar path integral can be formulated for
stochastic e uations with a random external forcing. ! For instance, the effective action for
classical forced systems was formulated by artin, Sigga, and Rosein 1 .} However, the
non-perturbative evaluation of a path integral had to wait until when urarie and igdal'!
adopted (non-perturbative) saddle-point (instanton) method in the computation of the (right
hand) tail of the PDF for velocity difference for forced urgers turbulence.

urgers turbulence is bifractal, i.e., there are two different coherent structures, namely
shocks and ramps. hile shocks (with negative slope), leading to the negative velocity
difference, contribute to the left tails of PDF, ramps (with positive slope) determine the right
tails of PDF. Since negative positive slopes amplifies attens due to the nonlinear advection,
PDF for the velocity difference exhibits the asymmetry between left and right tails. y
making an ansatz that an instanton is a temporally localized ramp, i.e., (),

11! computed the right tail of PDF for the case of a simple aussian

urarie and igda
forcing, which is delta correlated in time with a smooth variation in space. The instanton
(saddle-point) solution they found yields the right tail of PDF for velocity difference
of the form exp 3 which is a non- aussian exponential. Here, is a constant. It
turns out that the prediction of left tail of PDF is much more difficult because of the small
scale structure of shocks, where the viscosity plays a major role.

The difficulty of computing the PDF tail arising from a small scale coherent structure,
such as shocks, is one of major shorting comings of an instanton method, at least, at the
present time. The other limitation of this method is that to leading order, it is likely to lead
to exponential PDF tails. It is because, to leading order, the PDF tails are determined by
the evaluation of saddle-point action. Thus, this method may not be utilized for power-law

PDF tails. evertheless, it is a powerful non-perturbative method for calculations of PDF

tails, and shall be employed here to gain some understanding of PDF tails for local Reynolds



stress in drift wave turbulence.

The rest of the paper is organized as follows. In Sec. II, we provide a path integral
formulation for local Reynolds stress PDF in H-  turbulence. The PDF tail is computed
via an instanton solution in Sec. III. Our discussion and conclusions are found in Sec. IV.

Section V is devoted to comments on instanton method.

II. D OR OC R NOD TR IN ORC D I

TUR U NC

As a simple model for drift wave turbulence, we adopt forced Hasegawa- ima e uation,

by assuming cold ions and adiabatic electrons in a slab geometry

™ 9 ’ (1)

Here, and denote local radial and poloidal direction, respectively, and 2 22

2 is the drift velocity due to radial density gradient ( ) is
the (background) density length scale 2 ( ?)where , and are electron
temperature, ion mass, and ion gyro-fre uency ,and are electric potential,

advection velocity, and external forcing. ote that E . (1) is non-dimensionalized by

measuring the length, velocity, and in units of , | and where is sound speed.

For simplicity, we shall take the statistics of the forcing to be aussian with delta-

correlation in time as follows

cH)Cc )y C ) ) ()

and 0. Here, the temporal delta-correlation was assumed for the simplicity of the
analysis. In the case of a forcing with a finite correlation time, one would need to solve

non-local integral e uations in time. For aussian statistics with vanishing first moment,



the prescription of the second moment given by E . () is sufficient. It is simply because all
odd moments vanish while even moments can be expressed as a product of second moments.
ote that even if the forcing is aussian, statistics of can be non- aussian because of
the nonlinearity of the dynamical e uation. An e uivalent way of prescribing the second
moment ( ) for the aussian forcing is to introduce the probability density function for

as follows !

() exp - () 'C o)) ()

This is a generalization of aussian distribution to a continuous variable ( ). The average

value of a uantity is then computed as

()

For instance, by taking () (), one can easily reproduce E . ().
hen the average value of a functional of (i.e. ) is re uired, the constraint should
be imposed that and satisfy the original e uation (1). This can be done by inserting an

identity with a delta-function, which enforces E . (1), as

SO ’ (4)

where  is a number arising from the acobian due to the change of integral variables.! !

et us show in detail how this is done. Starting from the definition,

where



Lo o0y () ()

Here, isdropped,’ ! and the functional aussian integral over was performed to obtain
the last lineof E . (). ote that is a conjugate variable, which acts as a mediator between

the forcing and dynamical variable

D R

e now construct PDF for local Reynolds stress () () in terms
of a path integral, by utilizing the probability density function for the aussian forcing E .
()and E s. () (). Here, the angular brackets denote the average over the statistics of
the forcing. y definition, the probability distribution function for local Reynolds stress at

point  to take a value is

where
y taking exp ( )inE .( ), canberewritten in terms of a path integral
as
()
Here, is the effective action given by

E . () is the path integral representation of the PDF that we have been seeking.







































