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Abstract

The effect of Alfvén waves on turbulent momentum transport is studied
in three dimensional reduced magnetohydrodynamic turbulence. A strong
external uniform magnetic field By is assumed to be present orthogonal to
both background shear flow and its inhomogeneity. Energy is injected into
the fluid and/or magnetic field on small scales. It is shown analytically that
eddy viscosity is reduced as 1/B3 for a strong By, due to the cancellation of
the Reynolds stress by Maxwell stress. The sign of eddy viscosity is found
to depend on the detailed properties of forcings. Specifically, it is positive
for fluid forcing but depends on the anisotropy of the forcing in the case of
magnetic forcing. Furthermore, it is indicated that a magnetic field tends
to laminarize a mean shear flow. The possible implication of these results
for the dynamics of the zonal flows in tokamaks is discussed in view of the

cancellation of stresses.
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I. INTRODUCTION

One of the most basic concepts of turbulence theory and modelling is that of eddy (tur-
bulent) viscosity. Eddy viscosity, which represents the overall e ect of momentum transport
by small scale uctuations (turbulent momentum transport) on a mean sheared ow, has
played a crucial role in the problem of momentum (or angular momentum) transport in
laboratory and space plasmas, for instance, in to ama s,' accretion dis s,2 and the solar
interior. tis well nown that in two dimensional hydrodynamic turbulence ( D HD), eddy
viscosity is negative, as a conse uence of the conservation of enstrophy, with energy cascad-
ing from small to large scales (inverse cascade). n contrast, the energy cascade is direct in
three dimensions ( D) since the vorte stretching brea s the conservation of enstrophy. n
view of common occurrence of magnetic elds in laboratory and space plasmas, mentioned
above, it is, however, important to incorporate the e ect of magnetic elds on eddy viscosity,
namely to consider magnetohydrodynamic turbulence ( HD). ote that enstrophy is no
longer an ideal invariant of HD, even in D, on account of the orent force.

n HD, eddy viscosity originates not only from uid (Reynolds) stress but also from
magnetic ( a well) stress, and there is a possibility of cancellation between the two
stresses. haracteristic of a magneti ed system is the dominance of Ilfven waves in tur-
bulence, which turn random (irreversible) eddy motion into coherent (reversible) wave-li e
motion with an enhanced memory time (i.e., the so-called Ifveni ation process). s a
conse uence of lIfveni ation, e uipartition between uid inetic and magnetic energies can
be reali ed, which can then lead to the cancellation of Reynolds ( uid) stress by a well
(magnetic) stress. Such cancellation was indeed found in the previous wor s by Kim and
Dubrulle who analytically derived the eddy viscosity in a D  HD, where a strong large
scale magnetic eld and bac ground shear ow are in parallel. They also demonstrated
laminari ation of a mean shear ow by a magnetic eld. The purpose of the present wor is
to e tend these studies to the simplest D system by adopting D Reduced HD (R HD)

and by assuming that a strong e ternal large scale magnetic eld ( lies in the direction



orthogonal to both large scale shear ow ( ) and its inhomogeneity ( ).

The result of this paper is directly related to the HD drag reduction in laboratory e -
periments, where the introduction of e ternal magnetic eld was shown to lead to reduction
in turbulent transport (eddy viscosity) as well as to laminari ation of a mean shear ow.
Our wor may also have application in the following systems. irst, note that the mean

eld con guration that we consider in this paper is reminiscent of those in to ama s and
accretion dis s. n to ama s, a onal ow is perpendicular to a strong e uilibrium magnetic

eld. Here, a onal ow is toroidally and poloidally symmetric ow which is radially
sheared and is thought to be generated by Reynolds stress in drift-wave turbulence.! Even
if D R HD does not capture all aspects of the dynamics of a onal ow, the present wor
may yet shed some light on the e ect of Ifven waves on the generation of a onal ow for
high plasmas. t may also have an implication for the (angular) momentum transport in
accretion dis s, which is thought to be crucial to accreting matter to a central object.? n
addition, some relevance may be found in the drag reduction in turbulent polymer solutions
where Reynolds stress can be cancelled by elastic stress (due to elastic waves), instead of

a well stress.

n the present paper, we study momentum transport (eddy viscosity) and laminari ation
of a mean shear owin D R HD. e assume that the bac ground turbulence is generated
by an e ternal forcing which injects energy into a uid and or magnetic eld on small scales.
The main aim is then to analytically calculate eddy viscosity (or turbulent viscosity), by
using two-scale and uasi linear analyses, together with the abor transform. e e plore
the dependence of eddy viscosity on the properties of forcings, by adopting either uid
or magnetic forcing under the assumption that these forcings are isotropic or anisotropic.
The abor transform is employed here to rigorously incorporate the inhomogeneity of a
bac ground shear ow order by order, in terms of small parameter , where and

are the characteristic scales of small and large scale elds. s shall be shown later, the
abor transform is related to the use of shearing coordinates which e plicitly incorporates

the shearing of eddy by a bac ground shear in the evolution of wave number in parallel



to the shear. n contrast to a conventional ourier transform, the abor transform allows

us to study the strong shear limit where 2

1, using ei onal theory. Here
( ) is a shear is the viscosity and 1 . n addition to the aforementioned
shear parameter , our problem has another dimensionless parameter 0 , which
measures the ratio of the Ifven fre uency of mode to its shearing rate. Here is the wave
number along o . Due to the comple ity of the analysis, we will mainly focus on strong
shear ( 1) and strong magnetic eld ( 1) limits, unless mentioned otherwise.
The structure of the paper is as follows. e formulate the problem in Sec. and
analytically solve the e uations for uctuations in terms of the abor transform in Sec.
The result on the eddy viscosity is presented in Sec. V. Our conclusion is provided in Sec.

V. ppendices contain the summary of properties of the abor transform and some of the

detailed algebra leading to main e uations in the te t.

II. O RNIN U TION

e consider a D system in artesian coordinates where a strong uniform magnetic eld
o points in the -direction ( 4 o ) in to ama , represents the toroidal direction.
The uid and magnetic eld are assumed to be e ternally stirred by small scale random

forcings. Then, the e uations governing D R HD are *°

— ()’ ’ (1)
— 0 ’ ()

Here 0 is the total magnetic eld where the perturbed magnetic eld is related
to the magnetic vector potential as ( ) is the vorticity related
to the stream function as 2 and velocity as ( )

and  are small scale random forcings acting on the uid and magnetic eld, respectively

2

and are viscosity and Ohmic di usion is the two-dimensional laplacian.

or the remainder of the paper, shall be ta en to be the same as (i.e., ) to simplify



the analysis.

e assume that the velocity has a large scale component () inthe -direction
on scale in addition to a small scale component on scale in the - plane. y the
ordering of reduced HD e uations, the large scale velocity ( )is wea er than the uniform
magnetic eld ( . Since the main interest of this paper lies in the momentum transport,
a magnetic eld is ta en to have no large scale component in the - plane. Then, by
assuming a scale separation between and ( 1), we e press the magnetic and

velocity elds as follows ) ) )

and . Here the angular brac ets denote an average over the statistics of
the random forcings  and  (see Sec. V). Thus, and are large scale elds
and , , , and are small scale elds

y neglecting local interaction terms compared to non local terms, the e uations

for uctuations can then be written in the following form
2 2
— 0 ()
2
— 0 ()

or the evolution of the mean eld , we eep the nonlinear e ect of small scale elds to

obtain,

— ()

where is the total pressure and the pressure. n the above e uation,
is the total stress, or turbulent momentum u , which consists of Reynolds

and a well stresses. t can be e pressed in terms of the eddy (turbulent) viscosity  as

()

ote that a shear ow () shears an eddy, reducing its scale in  as time progresses.
That is, the magnitude of wavenumber increases for large as () ( )

(see Sec. ). n a strong shear limit ( 1), the shearing e ect cannot be treated as a



perturbation, ma ing it inappropriate to use a conventional ourier transform. or this
reason, we adopt the abor transform in the following analysis, which can capture such a
strong shear e ect. e note that one alternative way is to use shearing coordinates. The

abor transform of a given function is de ned by

C ) ( ) () ()

where ( )isa lter function with a characteristic scale where which decreases
rapidly for large . One e ample of such Iter functions is a aussian lter with a form of
() ep( ? ?). sbeseen from the above e uation, the abor transform is a special

case of the wavelet transform, and can be viewed as a locali ed ourier transform with a

compact support . (see ppendi for a few ey properties of the abor transform). n
, the coupled E s. () and ( ) are solved in terms of the abor transform. is then
obtained in by computing in real space. Here the average is ta en over the

statistics of forcings.

I11. UCTU TION

e denote the abor transforms of uctuations , , , , and by , , , ,
and . ith the help of the properties of the abor transforms summari ed in ppendi |

the e uations for uctuations ( ) and ( ) can be written in the abor space as follows

(2" o (77 ()
(* 9 7 O ()

Here ( ) and is the total derivative de ned by

(1)

where . Therefore, along a particle trajectory in the abor (ei onal) space

( ), the following relations hold 0 ( 0); 05 05 05



0 ( 0), and o- ithout loss of generality, we shall assume for the remainder
of the paper that | and
e note that E s. ( ) and () become identical to those derived in Ref. if on the
right hand sides is replaced by . Thus, the procedure re uired to obtain solutions to E s.
( ) and ( ) is very similar to that described in Ref. . or completeness, some of intermediate

steps are provided in ppendi

ccording to D R HD ordering, the lfven fre uency of the mode along a strong
magnetic eld ¢ is larger than the shearing rate, i.e., 0 1 since
(o ) ) (o XN ) (1). Here and are characteristic radial and parallel
scales of perturbation and is the characteristic scale of a mean ow. ote that this
condition 1 can also be reali ed for typical to ama parameters. Thus, the solutions
for ( ) and  ( ) are found in the case of 1in ppendi , which can be

written in the following form
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Here






























