O

as

et

1.@Q.

F= kOC kl CKL il

CkszN_

k.'ﬂ =

‘ 5. gﬁﬁ;mt&_umssalg onolitions :’Qy- goh:}ng‘ al;doma’c Yuation !
|

Ml the guadiatic eguatiom X' +ax +b= 0, which an be view
med on F= Q@,b), Add Aa =Ja™~4b ity F, e amve at the
fied FGE ), which includs the mvts +(-a2JZ), Fr high
leguations, Gnsidr the one beloy defiral 01 F = Q@ - @),
X"+, X" 4. + Xt An=0 . |
X Whather it cun be solvedl by the vadical methool is eguW

1| whether we can tarl with F by adaﬁwg » radical eopressions
one by me 4 el F, and finally reach tue ot fetal N . The
nlondesl fielol K; form o seres of middle fFebls botiveem F and

()

Here evory  Ki = Ko (wihi) with o€ k, bt Wt & K. Wit
,ﬂﬁ;} "f %maxdlijj,we aswnthat ¥; iS @ prime Number, othowise,

fo:tm'ze. it anol re.|>wt the above proess, (le r=9t, we wn Liyst
adl &%t fom (%), andl then ald (%)% t fom
Kig, = K ( (o( '/S)y")]. Pndther minor thing (s that we @ssume tat
Filie, Ko olvedy Ontains oll the unit roits at  arbibey avo‘wsf
(Al unit rovts oam be obtnined by algebraic metheel , ardl This does

bey s any difficutk. Tor simplicy , we skl cald this Srield s F.
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(e can derive the Galois Gnrups:

Sum o{ fiold:, Similarly, oMl the Lield extonsims in (*) are non
swns . Muvoover, the rakios u—.f dimensions are all prime..

Gol (Kin /ki) i o Vi-th ovler CJclic grp, Linie. by o eycd)

e koo Bl e s o X2y indialing W, iRy ol gR
tLpamUbdmga& Kitl, hone, i£is o normal endension 4 k.

Go= GllN/K,), G= Gal(Nfl), - -+ G=GtV/ks), -+ Gy=feo} = GV
if ol extensions are normal  ( is o novmal Subgroup oFf Gitls They
ite Sequence ;
a Grmpos APANREE

Us Galois gep over F(Q,- Gn) must be o Solwble group,

G'ODG'IDGz"' b-r€}_ 4
Ad  Go/Gon = Gau(N/KQ [ Gu(N/Ken) = G Chen /K ) = Chsa

Henca, uf an eguation cam be Sodvesl alg,abmci.ﬂﬁ,
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A’SSM.R. its wols %, X2,

bpsadl om Sl:" 'i"", "oy, " "ot i Solve the Qg,Miwn.
is Solwrable, we howe the Lmpo

New Lot us Lol the Swff\’ct'enoa: CnsW a A;Tee,ul_ Cose
W 8&9}@5‘:‘] Q=

a
n

G={I, o, o - -a"},
o A %n,’ Sd 3_7-'- Q.L

X 4%t Xn= Yo=-0G €F

X F§AL SH A= N

=1)(n-)
|)-|x
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. L S’H‘xz.“' = S(n = V-

Lovk at the 2ol Eq apply (L370)2 %ts¥e- g, = alh)

D ¢ (yr§r - § %) = g1y = alh)
ginilaly , e oarive the mapping | ACT) = S :<=:,'=,--n-l.!

Hoace  QCHC )= LN -- Q0K = [ rkrt' hosee e € F.

Lnoﬂm-wwds,wemacimla.muabwh F, whichis a vfx'm#

]
amlweadnq

the Cobﬁ‘\'o'..wts, donoted as ox . Then Y= nJ;l-x’

ﬂwn (K=l --n-) inte T g Hucg,we,oydg aad o Sb-eue Mﬂmq,ux&im.s

Gz GalN/K) B Gy - DGy DGl - - - b Gs= e}

B

a8 - On=0s NP2 e prime. 3,
12--|n
And Ats Gul_oisamf is be p-th cdo@ic. (23...|)

Fo the Qgneral Ose, -:f Gl IN/F)
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Ko —> Ki- k. —> Kl = - N
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Poge ) Pi,(x)zo on be Solvesl ala'_a,bracnag, Hence , ﬂ's in
be obdaingd tia t+ - X = [T basel om Ki . Hence, #’s in

the wot fq'e,bl N, Can be obtainesl aiawbmci-ﬂg )vam F.
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Sinca Ki.ﬁ is normod = extingion £ K,’,’ thon k-‘.+| 'S the Wufft'd
an eguaticn P )= 0 definesl om K; | Since its Galois growp
(Kin /K;) is the P—H\ Cj(z(v‘.(‘. Jrowp, G-erou"g 4, He reswtt in the

-Cr;‘.ﬂ"l }
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Corvespordingl, e Con extonsl Ky — Keel, Such that Gal (Kis/K:)
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Lm gw 3ﬂw«l Coeff\uw'cs, Gal (N/Ke] = S5, Ltis not o
Oncbc ganp. but Solvakle. We das‘ﬂ,n e w93111 Seghance
g, > G > {e} © Sinca el = U-%) 06X (5-X)

ol o Vs el i K,
Lﬁo——?'k.——»N e heool & odd £ & K,
Q1) K = koQJEl')J where

d= 4p+a7q° .

@ N= K0u%Y,w) and N[k, is 3-cpelic anttnsio,

G [N/Kki] = C3, Wwe cmsidor T € Gal(N/K)), owel
OC(N)=Xa, OCx)=%; , 0UX3)=%,.

De.-}in.a, {Xt TO¥ + WXy = A Accndling 25 the results Leana, we

X+ WXpt WX =B hve A and B € K
00
X,+XL+X3=—O

2 +B =(A+B) (A+E -AB) = (AR (cmsf—-aAs)

A-Bz XPiXe tXs +(w w0 )X 10X 155 X))
:(xl‘*xz.‘l'x;) --SCXIX;*xlx.g'f X3'x,) "3? > AB - "2‘{ P

R+@ = (A+B)(A+E-AB) = (A+8)® 3(A+B)AB = aT(X} +PX) = -3¢
> Bl*"?‘lﬂ'-"?f’sw A= GTL+ TP =
5Bz L(-a70 ¢ Jargreea1 p )
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B, 8= a7 (% G wmp) € Ki=Keldd)
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_ | 1/ aslel sgure rvot |
Wv=A, B = %+, (%)‘ﬂ*("/s)’) 1
3 3 ) € N= K (A, B)
Bhen | ool  cwbic ot

%= U U’

x; = uwz tVwW ¢

P @ when A= @/2)1” (%)3<O, U ardl v ave aPa{m“ﬁe

Mb‘ajit C‘M\?M wmbors , = X, Xz, X3 ore. real rwts, On-the
uf >0, ten we ke U anl U as veal, but wibh differes
¢ magnitile , then X, is veal, but X2 ansl X3 “"-W"‘j‘{‘/" onal
Qtht 1o each ofher,

@ Inte ase of A<o, we neeo %o invvlve Cvmﬂw# 4o reach
vebd yoots rrf o veal epuatin [

TJ\M Cm e fmo[__ o PM@‘Q read ran&'w( w b A SDLVQ. e Clﬂb('c,
eglw&im when A< 0 7 The answer D ig No!

Thawvem : 1{£ a real Cooﬁtc{_u\t eguakion Y4 py+9=0 has ald
the| Twee yorts read, and &ts imeslucible o the jc'elo( F ‘r-l’i LS
Goefficient | thon thove coes not exist & radical JC,M
W’\;*S real vadical erpression s
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P e demste D= (-4t 42045401 =-108 8> 0, I we oty

— 0dd B o T, then FUB) is a and droler ewtinsion, but Gal(N/F)7 S,

Vil
This is not enowgh! e
Grnsider N can be extunded via addling real vadlical fietd )

Et‘h‘QSSWS
-F('JE) CK Ck - Cks=N, where Kiy = K;(G;‘Vr{)

With 0.€ K;, rprime#, Pekup onyrot y . Y § ECAD), abt+~u:s
e can chow {see filer) N= F(D, Y,)e Then aSSumeg&G Km, buct
Ypishot in Ko, then K oy must include Y, ordl 4y hence = Yy,
ence Kiyp s the ot field of P +py +9=D, and mast be o neymal
field o Since 37, € Kist, then Kis) must inclusle all bho Yuee hots
=i, i M w and M w', Hee Kjy Cannot beceal field |

p —

4 Now we P\‘WGM N = F(J-D: 3;).
rvof « Since JD EN, Y, €N, we howe FUD, Y) €N, weangn.wl’G:

prve Y and Y also € Cmsider (Y- Y 0Yody) = Y- Gty Y, + Yolls,
RN

'U\Ga\ (‘gl_gl)cﬂl_gs) S F(ﬁp Hz) .

H&Mﬂ. 3—5 = 'JF & ¥ (’J-ﬁ) 31)’ adso 8"+53=—-3‘/
ks (51'3»)(’3\‘33)

]

=Y e-cyy + Yy,

e howe Ya,3 oso € F(Jp y,),
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Galois g rowp Gat (N/F) = Sa. The OMfosii‘e Growp Seguonce P s

Shoudol be imramiont wder D, = { e, (12264, a3)(24), (1‘0(23)}

(e cmsruct O, = (X, + %) (X; + Xq.) Oy 2,3 QF(M_D-) but

Alg,mbrmlc Solution fo the g,uauriic eg_u.a;tim
Cmsider X‘*-i-{?fxz-l-?_x-i-Y‘:O defined o a fletd F. Lts

G > Ay D, b G o {e}

llla‘l’zl&

ELSFW S A € Av <N

FWo) = Ay is o abic = eifeasion, The extendesl freldd A,

@52 (Xy+Xg) (.Xz,‘f'xb) ____\_7 Al= F(_A!B} @“ 92’ 93)
Ouus & FUD) , but oy shael swtisfy an eguaction an FUb). Gns

£0)= (6-6)(8-6:)(5-63)
= 93" (6:t6,16;) 6 + (66, 0:0; 1 6;01) © - 0,0.6; -

Q['l'@z'l' 93, Q[_Q}_'{' 9;03+ 939]’ @193_95 owre IWW* LMW&J" : )
‘I»IDZ-'-’

66,4 6.6+ 6:0,= p- 4r
Q‘Q!Q:.Q} b= “"9_1

' ol

F = FWD) is stondarel , which is a square wot extonsion bJ ad&*
WD Then Gt (N/F6) = Aa. (WD is invwrisct under aven permateti

91:'.' (X['i‘ X3) (X;_'l‘ Xq) _thj oy ' _D
=

4 g ‘§;".'
g@ﬁ 6140, =Xk 43% +XiXg + % X5 X Xg + X Xg) = 2P
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This is & Gubic eguation
Sior= 63~ ape +(F-4m 6 +4° | which Gan be Solved by

dding cubic mts ite F(D), ard that is FWD, € 6:6s) = A,

D A =5 Ax is again a uere it extins on l)aa.zaoth\é’
B The A= AR,

J"‘—9| (S inaranionmk unoler {e, (ll)(.’"&)} = 0

D) The dast Sty exfinstln A, N is ggaina Sguare rovt exctansi
[’3 O‘Mi"j :J_:az . Then we do not have hon-Zpval %MLU

S U‘nlg fe} can Loowe Y‘l"’xz: e, both |’wa'{m\:f.j

Xt X3= ,]-—91
Ao{-ubﬂ, we have abre.ao‘z’ arvived

the oot Seld @ (-0 (-6)C6) = ¢

S 6= Yo s, chekis abo i
N= FWD, G253, FoiM

t (oith all these extensims, we howr
X 4+% ) +Ke) = 9 D Wiz XitX, = T 49,

(X1 ¥3) (Kt X4) = O oy = Xt X3 = 6,

(.Xl'l'xqﬁ)()()_"' Xs) = 95 o(s = X t+Xy = ilf:oj
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SN (Xt X2) (b y) (Xt Ko ) = XECKH Xt +Xa) + (X% X% X % XeXsXe]
+ XXy )
=-q.

We Showlok Chovse B -‘9'3"\3 of o3 ensistont with the above,

) Q¥ = Xt Xe + X+ Xy Nty X= % Coli +olytody)

2%, = Xt ¥y b Xpt Xg +XodXg % X, = %'(dl-d,_—o(g)

AXy = X +¥e +X1_+X.5 +XZ+XS x3 vos ]/2 (.-“,l','q’l-"lj)

axqg = %3t Xg + Xyt Xy t X1 Xg Xg = % ("dl"da"'%)




