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Problem 1. (&o{c(enj*eu Exercise 9-1)

Solu{-‘on:

(@) Motice +Hhat +he six critical oxpoMemts are not independent since +here ave four
5“""‘9 laws. The ongin of +he swling lows s that all of +he chitical
exporents cun be expressed in teoms of Y, and Yy Heuce our Strategy
Would be +o mwrite § ond 4 ntems of Y and Y4, and then derive
+he refation.

A Y aidk
$is defined o be me HY (T-T). Notice +hot m={m) = i%%%—;,—’,

So +h4+ a"j constant +erm  Jn e achion canceled in  mumerator and  denokinator,
T‘uj +he sca’;‘nj o‘f +he covresponding s.‘u’ular Par{ "T —ﬁee energy s ju;.f
Lt m=17 % (e, b
< g gl h %)
which is different Trem what is indeshgared (n exerese 13-3 (d)  where ' total
theve (s addidonal term  thet contribure o0 Jue o +he Jact Wf\‘;i’ﬂ:
—f—: ~ksTInZ and +here will be mo such (anselling.
Taking derivative with yespect +o h,
Meth h) = Pt m(44 %, w9 ) .,
Clwose { cuch thay +he SYstem i driven to L'{y"al. Tl1€’n ‘(:A-y“
mibhl = b5 mlh TR, D)

Set +=o0, iy

mio, h)= h5e mio, 1),
Hencc

£ = d-iu

5§ ~ Yn
i 0.

§ = _Yn

d-9 -

Then le#'s denve he expressions —hv V oand Y. le-&'s Work in Momentwm  Space
a"d olef':'Vé —I—‘\? S'Culfhj .fbyrm 07‘- G

gy deﬁmlh'on,
GF. Pz GIF-P) = (4F) 4i7)) e 7
—_ J dd - ik Fr ‘ki-r
- fmn 'EwL):i <4’5' 2 e; B-F
= [ddk E GR)- emdst Rk €T e
et Tt P |
- (A 7R @R

-1‘&7';‘;

—



Hewe  Guisr) = [4X g o8> iR P-F)

end ond g0

= d i B (T-F
= W [ Uy ppy o BT
Then under R( . | . .
G4 R [ Em g b 17 e*“’"’r N
/ 4 e ! ' -2C9) <KV
Y P e £ ¢
- - div / ' kT
- {zN] 1d.\#[ﬁ<¢ﬂ¢.ﬁ> €1k rit
= 470 LR k)
where  we’ve employed S“(a'inj o 4. kR and Volume as

#tee (K=t R
$Uk) = 594 (R)
V= 7y

But +he scaling of 4 is relared to +her of H as Yy = -L[4], as c be

egs.'lj Seen Trom dedfuf’[?)-‘ H&(R=0) in +he Hamdwonian.

So GIe ot k= 92D GUF/L, e, hy ) = 420D G TR, 4%, hEH)
Ac+ua”y the above eI{aalHy is only jn the sense o}‘- siqular pare of (. TL,’,, ’s
because when we do GF/? ,+4, k) Weh veyedt o ((F,+,h), Modes 'Yim

in LAE, AT ave lost. But **09 don't contribure +o any sogufur be haviou r anyuay

as lowg as A4 > V4.
Choose 1 such +a  +1% =1, wp have

GUF AR 2090/ s VRRL
Wn‘+e ’ / »

GIFEY 1 bt W0) = (pg V) TR0 F (e i)
Then

LR HA) = T Fo (7%, ke M%)
whick  ye covers Su‘l'uﬂ hjpomsis.
Thas  a(d4) = d2+, V= Y5 .

COMb-'nf"j Q= ‘;‘,%; -bje-fher, i+ 1 srra:ylu fbmmnl 1o Got
2(d-44) = d-2 Y

§= -;Q%f- l'j cqutfl(thg Yy -



(5) Main using +he same trick +o make || =(, We have
folth = 4 f (te, he) .
R AT AN Yo BN T AR EY Ty
LA PT ad
Plugging 0 v = Yy, we have
L) = VS (hit 7 )
= 14l ‘;Ff(",%ﬁh)

Iy

u

where
F#(-,;fm)z fi (21, higl =™ )
Let's write . . .
F; /W"‘) = {Wk)) '[’t { H.‘Wk
ard  we chwse He Power A suh  hat

TR YR

wlh‘cl‘ Means +hat
dv-d2vh=0  F A= 9";
So
h
fott b= h o e (70 )
swh +hy all defenleue on + of '{3 vs absorbed o Hhe fllnmon ¢ .

Now — fi4h ={A"/’* %17‘%) St¥0
W 4 (), <o
ad f, should be amalypic ot =0 for any fiyed hto.
This means +hat  §. (727w ) ( bal ;%) ) s ke amalpric  contimuation
b 705) (hihmn)) & de rgim 40 (450). Thwe b amlysic
continuation of @ [4.) +o +<0 (450), So thet both +Wo functins are well-
dej—;‘ne«i inside 4e"(~¢, £), €70, +hen c/early
bl = b (ovm) . +el-b 6,
Notice that & (i) and ¢ [T555H ) are swarh fwctins of £, but dyftiand ¢.(%)
+hemselves may not be smoorh wik respet 4o X.
le¥'s wite  f, (-,;’:zm b)) =5 ()
#(apw) = 4 ((3)7™) -5 (-7R)

Now theve eXsts ¢ o and €0, _‘2“;':; ho$0, St
ﬁ(fg—,, )= F- (-,é‘,-. ) =Fit.h)

iS SMOH“t m 6‘21,51)!(‘0'%:, hoff;), Simce T:l",k) s abm’y-l-lc o+t ({-:Q)A;‘.o).



1 .
TA“" ﬁ {i' -“_E-l;.“ ) are aha'}h“ n ("iu 2,) X Ulo'f; p ho +€;) c'e",j I"'dl'ca-llj +11N
Fz (X)) ppe au'gm iw (- ¢ £

[}
WPR * (2h)%5
Hence we can expand Fix) I Vitniy ot Xz0 a5 a power series

Fo(= 3 6 x", for swall hogh %,
Then we must have from  F (ﬁ% )= & ( - A ) the Tollowing

hviya
ZalE). Zali)

n>o Aﬁi

e n " n
an WV = D)y v
which holds 4or a swall range ot h avound ho. But Sinte both +he

Functions [\'T'%ﬁ and Y ave andyqe a+ ho #0. W€ can
establish +he tact  that

an = )" A
W"oin = b~ Y9 , for h arud h,
deaﬂy , we must have V=V’ +o sm—.'s-i-y Hurs.



Problem & . (&ldeufeld Exercise 9-3 )
Solution:
(@) As we Ve been -j—lmilial' Weth, +4he 10 Is:'nﬂ model can be nada‘ly sojved bj
Hanster mapx  Methed
2y = treH
= 4r(TV)
where

T=[e h+K +K, e-mKo
e ~K+Ko e-—‘l*K&Ko

Let's +hen do a pastial trace  oler +he eyen numbered sites:
Zy = 2= SITIS) <SITIS? <S5 TIS)

S Sw
. 2 Z Laltho<sITisy o <swlTIs S
$ Sa SaSy

h

ST S T 5p> -

<o
s w()¥)
Rut
To= [o e gk (heak) 0o osh (k)
[ €20 cosh (k) M Lok (~hr2k )
and s0 it we  smpose
T [ o htKitks =K'k,
P ' o-h k' 1K
we Must have )
ehnk'wsl\(lk'l"\) ~ el\'-fK'H(o - @
0-h42Ke i) (-h) = o= HK'EKL ~-®
e ol (h) = e KTK -@
Then

@ W _ ,2h cosh(2Kth)
e = er = e wosh [ 2K-A)

0v® = X1 = 04K (K +h) cos [2K-h) ~®
@@ = g‘m' = %% (o5 (aKvh) Los (2KH) tosht(h)

@ = e4K' - €05 (2K +h) cos (2K-h)
®* Coshtlh)




Tu summany
oo - o 2h Cosh (2K +h)
= (05 ( 2K ~h)
p) 4K o CeslaK +h) fos (2K~h)
cosh2(h)

2 4Ko = 8o (og(aK+h) cos( Kh) tosh? (k)
The Hamilwonion of [p Teng model has a time reversal Symmerny
H(mh, K, $83) = H(-h, K, {-5:})
This  implies
2 (~h, kK= Z(h,K, K,) -
Tt is easy +o check +hat under R( operution R, which induces @' Map on  parammer
Space a5 defined by <olurion of +he above recursin relaton, We have
(kK )= R thok. k) =2 (k') KL K') = R (=h K, K,
e (Trs hme nvevsal opera»non)
(h, K, k,) —Bs &\ K, k)
'rl 9 L
(~h k. k) =B Ehkk,) s
which means Hut on  Paramerer space R and T commute, So R preservey +ime
Feversal ;ylme-'»y 1‘-f- Hhere s one in +he on‘j'.'ul Problem.
Notice that we've included Ko in H which does nat  show W in +he usual Tcig Hamdtoniaa.
This 1 because RE wil eherate Constant fems. So epen -')‘-w start wivh a mode| wirh

Ko=0, nonzero K, will apear after We do RG. Heuce we shou Id ,';;clude Sweh a +erm
i +he FHow.

(b) (H'S set h=0. Then ¥ i easy +o ftead  From +he se(nd eqUation of
+he RG How quations +hae
Q¥ = Cosh® 2k
o Find fived powms, [e+
pdKr = skt 2k,
Solutions ale cleasly K, = 0 & +w. The covespnding oK - o, o,
djnce K~:';, Ks =0  conespds +o  T=+%, +he disordered phase ;  whie
V¥ Ke = 40 olesponds 4o T=zo, +he (ntical [Pornt.
Flow i w i3 W

+ . ‘
\a 7 R

0 l



() Lp4's work win Vianity of  T<o. Here K s vemy lane, So
osh? (2k) = (ZELE )Y o (€2)2s 4 ok

2
Hence
‘. &K
e‘tK = Fe
D K':4 (4K-20n2) = K-4 (n2
T['u's giVes
’-:’-', = :.‘::- ';‘Inz
27 —T—— ~ T+ AT
I- -}‘n?'T

T§ we lineanze +he equation. we wil ge+
_l]'-’ = |
T T=o J y
wh'~(k Mmedans +ha.l. 2 *:l =) y* =0 (”Uh“f '{32 m +h's case).
This does net mean +hat T doesa’t fow. T does not change up +o [ineqr ohler,
but it tlows to high temperature region +o higher orders. The flw

awound T=0 s rather slow.

(d) Lo+'s Sole  +he follou)»'nj for hto:
0 KK - Cosh (2K +h ) tos( 2K~k )
cosh* (k)

eshl3Kth)
tih(2k~h)

T+ K=o0. We see that the equations are Satisfied For arbfﬁa'y h . and
(K'=0, h'=h). So (K=o, h atbimany) ake torm a [(ine of critical posts.
I K=+4o0, tint efeation s sabisped. For  seimd one,

ezhl - el‘l

tosh{2K+h) __ iexth

(osﬁ(zk-h) - 3’-2"‘“‘ = €77,
So the W= e, e, hyzp | Hence (K=+%2, h=o) s
a Jived point,

These are +he ouly tived poims of Hhe RO recursion relasion,
Netice +hat for Vo lege K, R'=2h, <o dleary y, =1.
The flow  diegram s

ine ved $
\ :‘u—r-}w?‘*"*

> : ( We've ou’f/ draws h>o due +

> f ,
> — i -hme  reversal symmec)




[?

() The results show +hay except T=o, all finite temperayres How +o high empemure

Pegion, heme Covrespading o disordered phase. So +here is no phase  +yanSition
ok & finite temperature.

We an derive  she  fovmula for  correlation by exact caliufation usivg transfer maenr.
[ See eqn. 311 Coldenfel.(’s book or Prefrssor Wi's lecture Hotes)
i
‘g 7 fnothk -
But  IncothK = 1, 25+ e
&K L oK

T ln((‘*'e* )

l - gk

~ “_‘_e~u<)z & lnlye-t< ) = e""‘( ( K~ +)

4
dence o o4 _ 7T
Hewe 4 e% - 0T (To). e

So ‘? d:’uerges Wuch qw'cker -H(an ahy pouwe ¥ law belmufour (_11:);/
This implies Uz +o.

Bt we've seen in problem 9./ thay V= Jj} heace Yy z0 , in consisens
With the yesult  from RG method.

To 9et Yo, We inestigue ke scaling  behaviour of 1 Wk fespect +o k.
From eqn- 300§  loldenteld's  book,
!

4 = l°ﬂ(l;/)\g) )

where
AL [tosk(l\)f,‘];'hkz(“)" etk ?

Hence t‘)" K<>+s0,

o (osh(h+ sinhth) 2h
A tos hlh) ~ siuh(h) = ¢
‘\’lms ‘0?(*:/}\;) = 2h, “p—)u) K~ +4t0)

So
4~
h
Yu =1, aa consistent Wirth R4 result.

=~ +2h ((h>o)

C'emly



Problem 3. [ loldenteld Exercise 1a~3)

Solution :

(a) These +wo RG How equations have alveady been derived in Protessor Congjun Wie's
lecture noves. The constawrs A and B take differmt valkes for differews
LIS T’Wg ave all positive angway ,  Since cyital  Value aT r wil be
shit#ed downward Wik repect 4o its men-fuold value, and U has a physial
Yixed point Value tor ¢50.

(b) This fa“* of +he PYOMGM' has also been dis cussed sn Frrf-ossor Wu's lectures.
There are +Wo fixed poists, ohe s Gaussan Fixed poimt With p¥=y¥<p
while +he other s Wisot- Fisher Fixed poirt  Wirh (r*.-~;_\'~73‘-e, u*:é—)_

I«j— we limearrze +he R( oquation qround  ived poist, We  will haije

dir ) - (4 S [Sr}
(w=(r*, u¥) | §n

d §u
as
Au* _A
:{9\" W: (+r¥ } [S}']
ux? _ apu¥
B € e 3

2 1 du
2(8) (L)

We (qn +hon ge+ +he Tam:‘l:’ar vesul+s

d§r {r
4] een[]
“I5 ¥ fanssian 0 ¢ Gaussyn

dsr

ds

i)y, (fte st oon 2]

a5 W 0 ~¢
The -j'lou)s are

£E<o W £70 /f AK
4
u 4 >u




LLo

TAQ ﬂnpermu-l,-ke Slall'hj qlwm'fy must be Zekro almg +he Cn'-HCll lme. Heme
t= r+3AR s just such a Quankity , qnd actually i+ s just Hhe vt
Wo terms of the Aemperature  derived in Professon Wi's  lecture  nores.

() We need she flow equation for +he above defired +. We set e=o.
- o2rt AU gy
At d:-4, couph‘uj U 13 4’3"‘{""’"1.'6 gree in +the ,‘nfr'aréa(, so We'on’g‘ keep terms [ineeh l‘{z
W, Sine Femember +hat we are lowerng +he curoff and y actually  decays.
Tlum %—;ﬁ =2rtAu-Auy.
Bu+ nekice +hat
(a-Au)t = G-Aw)(r+2u)
= 2r+AU ~Aur - £ A%,
We see Hat up o 0(!1),
-;% = (2-Au )+ .
This  equaron 1 very easy +o solve:
[u—;% = _[‘: G-Au)ds’

0.
TSI L
To get +he ‘f‘me of +s), We heed +lla+ of Uls), which easy:
= di5)= Bds
> W8
— - - ' - uO ——
= ue - w8 S+ UoBS
S Auu
Thas  His) = 4 @ @ auds s
Augds
=4 0¥ o-F s
in which
Auafbsmdj = % ﬂ([onBS) n~ ‘é‘{n @65) "'[’ s>/

In summany,

A A , 4
41s)= £ B0 ¢ 5B ~ ¢ (109{) B (sinee 5= nt)



TO ]04 Iel«h'on be pween { and t, tonsiler we drive he system tv H“S)l= I, and wnte
‘t‘o':{-, %?h

A
t1o~4 £ logt)” 8
Hence A
¢t~ Ty (loyt) &
2l 117 (logd) 38
I-{' we are onlj interested in leaJv'nj Sta’in_g Lelml'a'our ’T { , We can set 1= I# V2
o log ! . S0 +hat
{i 4 12 (- 1 g ) 5 .
Dyopping  intelevamt constames, we  ge+
1~ 14172 (-log 1t o
For s Universaliry class, —f-—-j, ard  for £>0,
{ ~ 72 (Clogt) T
Relation Leween 4 and € is  strught forward -
2 4(4) = €4 (49). '
Agam set L=+t and [Hs)f= |, We see
0= £33y ~ 1,

b4

So
4.+ Flog) T (450).

(d) From a naive staling  form of free energy densty ther we've been Famdior wih we get
fib) = 17, (4, Up)
I+ 4 vs very large, Uy opprowhes (ly so rhat
ot = 07 (4, Ur)
We've Seen 1 part ) that T wWe Scale + +o VL, =11, +he S(al;hj Tasor
that we deed s~ +V4Hog RE RN 7 (Hog4) % [40).
Plugging +his into f  we get  (set d=4)
folhw ~ 42 [foge 7 |
Specific heat  ~ X o (ge) B gy leadieg order singulaney.
But +his approash §"in principle be wrny, and acually it vs. The reson is +hat
while we ged +he Fhow OT ﬁeM theortes [p t‘ocsohhj wnstant  space , we've dropped

Constant . -
a ot vf tevms In the akion, fr example |, Gaussian -'mgra! of free part of he

Tast modes, and chamge of Junctional measre when we rescale +he ld .
These constants achually dow not opper and cancel beeen numeraror and  donominator



ij- we calculoke  corre lation Functions. But +hey h Ph'n&fple s}wou/d be kept l'f

we are imerested in  free eneryy. When we do RG many dimes (e when f
s ven large ), -+he accamulation af- +hese  +erms may Contri bute  +v Sflgular
behaviours which has +o be tuken o acourd in 1.



